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Abstract 

This is the sixth part in a series of papers in which we introduce and develop 
a natural, general tensor category theory for suitable module categories for a vertex 
(operator) algebra. In this paper (Part VI), we construct the appropriate natural as- 
sociativity isomorphisms between triple tensor product functors. In fact, we establish 
a "logarithmic operator product expansion" theorem for logarithmic intertwining op- 
erators. In this part, a great deal of analytic reasoning is needed; the statements of 
the main theorems themselves involve convergence assertions. 
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In this paper, Part VI of a series of eight papers on logarithmic tensor category theory, we 
construct the appropriate natural associativity isomorphisms between triple tensor product 
functors. The sections, equations, theorems and so on are numbered globally in the series of 
papers rather than within each paper, so that for example equation (a.b) is the b-th labeled 
equation in Section a, which is contained in the paper indicated as follows: In Part I [HLZl], 
which contains Sections 1 and 2, we give a detailed overview of our theory, state our main 
results and introduce the basic objects that we shall study in this work. We include a brief 
discussion of some of the recent applications of this theory, and also a discussion of some 
recent literature. In Part II [IILZ2], which contains Section 3, we develop logarithmic formal 
calculus and study logarithmic intertwining operators. In Part III [HLZ3], which contains 
Section 4, we introduce and study intertwining maps and tensor product bifunctors. In 
Part IV [HLZ4], which contains Sections 5 and 6, we give constructions of the P{z)- and 
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Q{z)-tensor product bifunctors using what we call "compatibility conditions" and certain 
other conditions. In Part V [HLZ5], which contains Sections 7 and 8, we study products 
and iterates of intertwining maps and of logarithmic intertwining operators and we begin 
the development of our analytic approach. The present paper, Part VI, contains Sections 9 
and 10. In Part VII [HLZ6], which contains Section 11, we give sufficient conditions for the 
existence of the associativity isomorphisms. In Part VIII [HLZ7], which contains Section 12, 
we construct braided tensor category structure. 
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9 The expansion condition for intertwining maps and 
the associativity of logarithmic intertwining opera- 
tors 

In the present section, we establish results, especially Theorem 9.17, that form the crucial 
technical foundation of the construction of the natural associativity isomorphisms in Sec- 
tion 10. In Section 7 we have studied the conditions necessary for products and iterates of 
certain intertwining maps to exist. In Section 8 we have proved that products and iterates 
of such intertwining maps give elements of the dual space of the vector space tensor prod- 
uct of the three objects involved that satisfy the P(2;i, 2^2 ) -compatibility condition and the 
P{zi, Z2)-local grading restriction condition. In Theorem 5.50, we have given a characteriza- 
tion of WiSp(^z)'^2 in terms of the P(2;)-compatibility condition and the P(2;)-local grading 
restriction condition. It is natural to also try to characterize the subspaces of the dual space 
mentioned above by means of the P(2;i, Z2)-compatibihty condition and the P{zi, Z2)-locei\ 
grading restriction condition, but this time, these two conditions are not enough. We have 
to find additional conditions such that the elements satisfying all of the appropriate condi- 
tions can be obtained from both products and iterates of suitable intertwining maps. These 
additional conditions constitute what we will call the "expansion condition." 

Assuming that the convergence condition in Section 7 is satisfied, in this section we study 
the conditions for the products of suitable intertwining maps to be expressible as the iterates 
of some suitable intertwining maps, and vice versa. To do this, following the idea in [H], 
we first study certain properties satisfied by the product, and separately, the iterate, of two 
intertwining maps. Then we obtain the deeper result that if a product satisfies the proper- 
ties naturally satisfied by iterates, it can indeed be expressed as an iterate, and vice versa 
for an iterate. Using these results, we prove near the end of this section that the condition 
that products satisfy the properties for iterates and the condition that iterates satisfy the 
properties for products are equivalent to each other, and we introduce the term "expansion 
condition for intertwining maps" for either of these equivalent conditions (Definition 9.28). 
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We show that under the assumption of the convergence condition and the expansion condi- 
tion, along with certain "minor" conditions, a product or iterate of two intertwining maps 
can be expressed as an iterate or product, respectively. Using the correspondence between in- 
tertwining maps and logarithmic intertwining operators, these results give the "associativity 
of logarithmic intertwining operators," which says that a product of logarithmic intertwining 
operators can be expressed as an iterate of logarithmic intertwining operators. This asso- 
ciativity of logarithmic intertwining operators is in fact a strong version of the "logarithmic 
operator product expansion," which in turn is the starting point of "logarithmic conformal 
field theory," studied extensively by physicists and mathematicians, as we have discussed in 
the Introduction. In this section, this logarithmic operator product expansion is established 
as a mathematical theorem. These results are also viewed as saying that products or iter- 
ates of intertwining maps or of logarithmic intertwining operators uniquely "factor through" 
suitable tensor product generalized modules. 

The results in the present section are generalizations to the logarithmic setting of the 
corresponding results in the finitely reductive case obtained in [H]. See Remark 9.18 for a 
comparison of the main results in the present section with the corresponding results in [H] , 
including the corrections of some minor mistakes. The most crucial results are Theorem 9.17, 
which essentially constructs the intermediate generalized module, and Lemma 9.22, which 
essentially constructs the corresponding intertwining map. The main difficult aspect of the 
proofs of these results is that we have to prove that certain iterated series converge and that 
their sums are equal to the sums of iterated series obtained by changing the order of summa- 
tion. These difficulties, embedding in "formal calculus," are overcome either by proving the 
absolute convergence of the associated double or triple series or by using the convergence of 
suitable Taylor expansions. The reasoning requires considerable use of analytic methods. 

We again recall our Assumptions 4.1, 5.30 and 7.11 concerning our category C. 

In this section zi and Z2 will be distinct nonzero complex numbers, and 

Zo = — Z2', 

we shall make various assumptions on these numbers below. 

For objects Wi, W2, Ws, W4, Mi and M2 of C, let h, and P be P(zi)-, P{z2)-, ^(^2)- 

and P(zo)-intertwining maps of types {^^^^J, (m^w) (wwa)' respectively. 

Then under the assumption of the convergence condition for intertwining maps in C (recall 
Proposition 7.3 and Definition 7.4), when \zi\ > \z2\ > \zo\ > 0, both the product Iio (g) 
I2) and the iterate P o [P (g) l^^g) exist and are P{zi, 2;2)-intertwining maps, by Proposition 
8.5. In this section we will consider when such a product can be expressed as such an iterate 
and vice versa. To compare these two types of maps, we shall study some conditions specific 
to each type. 

Here and below, we let Wi, W2 and 1^3 be arbitrary generalized ^-modules. (Later, 
these modules will be assumed to be objects of C.) We start with the following: 

Definition 9.1 Let 
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For t(;(i) e Wi, we define the evaluation of X at W(^i) to be the element 



given by 



/^A,Ln(^(2) ® f«(3)) = A(W(1) (8) ^(2) (8) W^s)) 



for i(;(2) e and ^(3) G W3. For ^(a) e W3, we define the evaluation of X at W(3) to be the 



for u'(i) e Wi and ^(2) G VF2- 

Remark 9.2 Given A G {Wi W^2 ® W3)*, W(i) e Wi and W(3) G IV3, it is natural to ask 
whether the evaluations fi'^^l^^ G {W2 ® 1^3)* and /if G (W^i IV2)* of A satisfy the P{z)- 

1 (1) ' (3) 

compatibility condition (recall (5.141)) for some suitable nonzero complex numbers z, under 
suitable conditions. In fact, the formal computations underlying the next lemma suggest that 
when A satisfies the P(2;i, 2;2)-compatibility condition (recall (8.44)), these evaluations of A 
"almost" satisfy the P(2;2)-compatibility condition and the P(^o)-compatibility condition, 
respectively. However, even when A does satisfy the P(2;i, 2;2)-compatibility condition, in 
general these evaluations of A do not even satisfy the P(2;2)-lower truncation condition (Part 
(a) of the P( 2:2) -compatibility condition) or the P(2;o)-lower truncation condition (Part (a) 
of the P( 2^0) -compatibility condition). In particular, when A in (5.141) is replaced by /^l^i^^^ 
and z — ^2, the right-hand side of (5.141) might not exist in the usual algebraic sense, and 
similarly, when A in (5.141) is replaced by /i?]^ and z — Zq^ the right-hand side of (5.141) 

might not exist algebraically, and for this reason and lJ'^\\^.j^^ do not in general satisfy 

the P(22)-compatibility condition or the P(2;o)- compatibility condition. But the next result, 
which generalizes Lemma 14.3 in [H], asserts that if A satisfies the P(2;i, 2;2)-compatibility 
condition, then in both cases, under the natural assumptions on the complex numbers, the 
right-hand side of (5.141) exists analytically and (5.141) holds analytically, in the sense of 
weak absolute convergence, as discussed in Remark 7.24. 

Lemma 9.3 Assume that A G (Wi®W2®Wz)* satisfies the P{zi, Z2)- compatibility condition 
(recall (8.44))- If \z2\ > \zo\ (> 0), then for any v & V and W(^i) G Wi, W(^2) G (ind 
W(3) e W3, 



element 



i^\,L, e (^1 ® ^2) 



given by 
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•A(w(i) ® W(2) ® F3(e"''('n-^"')''^°^^^,a;o^)w(3)), (9.1) 
t/ie coefficients of the monomials in x and xi in 

are absolutely convergent, and we have 

(rp(,o) {x^'5(^^-—^^Yt{v, a;))/xj^i,^3j) (w(i) ® W(2)) 

= ^r^^ (^^^) (^;(.o)(^. ® ^(^))- (9-2) 

Analogously, if \zi\ > \z2\ (> 0), then for any v &V and any w^j-^ e Wj, 



^/le coefficients of the monomials in x and xi in 



(^P(.2)(^'^)/^ii(i)jK2) ®^^^(3)) 

are absolutely convergent, and we have 

[rpiz2) (^r'^ C^ ^ ^^ )yt{v, a;))/xi'i,^^J (w(2) ® «;(3)) 



-1 



^r^5(^— ^) fe.)(^,^)/^iia))(^(2) ® ^(3))- (9-4) 



Proof First, for our distinct nonzero complex numbers Zi and Z2 with Zq — Zi — Z2, by 
definition of the action Tp(zi,z2) (8.29) we have 



xo5(^^)x^'6('-^^)x{Y,((-x^y('^e~^o'^^^^^^ 

W(^^)xr'<^^^) A(^(i) r2((-Xo-^)^(°^e-^o-^M%, ^,)^(,) ^ ^(3)) 

rpizi,Z2) (^^^'^(~^^^)^2^^(^^^^-^^)^t(^^>^o)^ A^ (W(i) W(2) 0W(3)) 

CZfi±V \ ^-15 ( ~^^ + ^°' ) A(«;(i) ® «;(2) ® r3''(^, ^o)«^(3)) (9.5) 

\ Xt / \ Xo / 
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for any v &V, W(^i) e Wi, W(2) £ 1^2 and ^(3) e W^. Replacing v by 
using formula (5.3.1) in [FHL], and then taking Res^-i we get: 

+xrM(^^^)AK) ® y2(e^^"^^^n-^2)^^'^^,^2)^(2) ® ^(3)) 

■ 

•AK) (g) «;(2) ® y3(e"^"^«(-^2)''^°^^^, ')«;(3)). (9.6) 
By (5.86), the left-hand side of (9.6) is equal to 

(rP(.o) {x-,H[^^)y,{v,x-,')^ (^(1) ® ^(2)). (9.7) 

Taking Res^jj gives 

(rp(zo)(^t(^^,2;2^))/^SJi(3))(w(i) ® Wi2)) = (rp(^„)(^;,X2"^)//SJi^3^)(^W(l) ® ^(2)). (9.8) 

By the P ( 2^1, ^2) -compatibility condition and formula (8.51) in Remark 8.18, the first 
term on the right-hand side of (9.6) equals 

•Fi((-x^)^(o)e-^°^We^"^(in-^2)'^^°^^,a;o)VV^a) ® «^(3)) (9-9) 



Now suppose that \z2\ > \zq\ (> 0). Then formula (8.7) holds. Prom this and (9.9), the 
right-hand side of (9.6) becomes 

•yt((-a;2)^(0)e-^"^(i)e^^"'^(i) {-xlf^'^v, xo)^ A^ {w^,) ® w^2) ® «^(3)) 

•A(«;(i) (g) Wi2) ® r3(e"2"^(^H-^2)'^^°^^, ^0 ')w(3))- 
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By taking Res^^^, we erase the two factors x^^^^ *^^ leaving an expression which is 

exactly the right-hand side of (9.1) with x replaced by ^ (thus proving (9.1)) and, while 

not lower truncated in X2^, can still be multiplied by x^^si^— (when \z2\ > \zq\ > 0), 

in the sense of absolute convergence, yielding this expression again. That is, let X be either 
side of (9.6). Then 

X = xr^(5(^^^)Res,,X, 
in this sense of convergence. Applying this to (9.7) and (9.8) gives 



^-isf^±-^) (F;(,„)(^,a;2^)/.i^) ) («;(!) ®«;(2)), (9-10) 



Xi 



proving (9.2) (with x in (9.2) replaced by x^^). 

Analogously, for our distinct nonzero complex numbers Zi and Z2 with Zq — Zi — Z2, we 
can also write the definition of Tp(^zi,z2) ^ 



^o<^4^):rr'<^^)A(^(i)^r2((-Xo-^)^We--o-^Mi)^,^^)^(^^^^^3^) 

\ X^ ' \ Xo ' 



xi y \ X2 

T'p{zi,Z2) (xi^H— —)x2^^(— —)yt{v,Xo) ) A ) (W(i) (8)W(2) ®W(3)) 



Xi / \ X2 

-xo5('-^)x2'5('-^^)x{Y,{{-x^Y^'^e-^^^^^^^ 

(9.11) 

for V e V^, e VFi, i(;(2) G W2 and ^(3) e Wj,. Taking ReSj;^ we get 

xo5(^^^)A(«;(i)®F2((-Xo')^^°^e--°"^^'^^,^2)«;(2)®^/;(3)) 
+3:2 )a(^^(i) ®W(2) ® F3°(f,a;o)w(3)) 



-ReSjjiXod — zi— F2 <^ • 

V / V X2 / 

■A(Fi((-a;o')^(°)e-^o-^i(i)^,a;^)^^(^) ® ^(2) ® w^(3)). (9.12) 



7 



By the definition of Tp(^z2) (5.86) and formula (5.3.1) in [FHL], the left-hand side of (9.12) 
is equal to 

and taking ReSa;2 gives 

Now suppose that \zi\ > \z2\ > 0. Then (8.4) holds, and by (8.50), which follows from 
the P(2;i, 2;2)-compatibihty condition, the right-hand side of (9.12) becomes 



(y^^^^^^^^ (^^ ^^-^x) («;(!) ® 'u;(2) (g) ^(3)) 

-x-<5(^^^)Res.,xo<5(^) . 

•A(Fi((-a;o')^(°)e-^o^-t'(%,a;,)^i;(^) ® ® tf;(3)). 

Just as in the proof of (9.2), we take Res^^j to obtain the right-hand side of (9.3) (thus proving 
(9.3)) and then multiply by X2^5(— —], yielding the same expression, and we obtain 

rP{z2) {x^^S (^^-^-^) Yt{v, Xo)) /xl'i^^^ ) (W(2) ® W(3)) 

= ^2^5(^^^) (r;(,,)(^,Xo)/.l^i^J(^(2) ® ^(3)), (9.13) 



X2 

proving (9.4). □ 

Remark 9.4 As we discussed above. Lemma 9.3 says that under the appropriate condi- 
tions, fifl^ ^ and n^^l^ ^ satisfy natural analytic analogues of the P(2;o)-compatibility condi- 
tion and the P(;i;2)-compatibility condition, respectively. Note that from the proof of (9.2), 

(^p(2o)(^' "^2 ^)'"'A^i 3 )('"^(i)®'"^(2)) "behaves qualitatively" like^f^^j and so (9.10) "behaves 
qualitatively" like 

suggesting the expected convergence when \z2\ > \zo\- Analogously, from the proof of (9.4), 
^P(z2)(^'^o)MA!i(^,(«^(2) <8) W(3)) "behaves qualitatively" like 

Xq 

qualitatively" like 



-Ixf^O ~^2 



^^2 , , , - 

X2 / VXq 



again suggesting the expected convergence, this time when \zi\ > \z2\. (By the P{zi, 2;2)-lower 
truncation condition, Res-^^ of (9.7) is upper-truncated in X2, independently of 'u;(i), ^(2) and 
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t(;(3), and ReSj;2 of the first term on the right-hand side of (9.12), {Yp(^zi Z2)('^^^f^)^)('^(.^) ® 
W(2) <S> W(s)), is lower truncated in xq, independently of the w^y) 

Remark 9.5 Given 

A e {Wi®W2^Wsy, 
e Wi and W(3) G W^, it is also natural to ask whether, under suitable conditions, 
the evaluations n^^l, e {W2 O H/'a)* and fj.'^^l e {Wi O W2)* of A satisfy the P(z2)-local 

' (1) ' (3) 

grading restriction condition and the P(2;o)-local grading restriction condition, respectively. 
In general, even for A obtained from a product or an iterate of intertwining maps, these 
conditions are not satisfied by Ux^l or nf],, , but as we will see below, for such A, the 

evaluations /x^^]^ ^ and iif]^ satisfy certain analytic analogues of these conditions. These 
analogues motivate the next four important conditions on A G {Wi ® W2 ® W3)*. On the 
spaces (5.142) and (5.143) for Wi §>> W2 and for 14^2 ® W^, the considerations of Remark 2.21 
concerning the semisimple part of ^(0)^ of L[0) hold, and in particular, on these spaces, 

[^P(.)(0)-i^'p(.)(0)„L'p(,)(0)] = 

and so 

[^p(.)(0)-i^P(.)(0).,L^(,)(0),]=0. 

Hence 

where y is a formal variable, and 

^ /i'p(.)(0).g^'(ii,(,)(0)-L'p(,)(0).) 

for z' G C. (A complex number denoted z' or —z' will play this role in the considerations 

below.) Thus ^pm^^^ maps any P( 2;) -generalized weight vector u in (W2 ® W3)* or (Wi 8) 
W2)* to a P( 2;) -generalized weight vector of the same generalized weight. An element A G 
{Wi®W2®W^)* satisfying one of the conditions below means essentially that either /^a^^^^^^ G 

{W2 ® WsY or fjL^^l G {Wi O W2y is the value at z' = of the sum of a series, weakly 

' (3) 

absolutely convergent in the sense of Remark 7.24 for z' in a neighborhood of = 0, rather 
than just a finite sum, of the images under the map e^^^f^)*^"-* of P( 2;) -generalized weight 
vectors or of ordinary weight vectors satisfying the P(2;)-local grading restriction condition 
or the L(0)-semisimple P(2;)-local grading restriction condition in Section 5, and that all of 
the summands lie in the same subspace whose grading is restricted. (For the four stronger 
conditions, the restriction on the grading is analogous to (2.89).) We shall typically use these 
conditions for z = Z2 when we consider and for z = Zn when we consider ul^]„ . 

Recall the spaces (5.142) and (5.143) and recall that 
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and 

on these spaces; on the spaces (5.143), 

L^(,)(0), = L'p(,)(0). 

Consider formal series An ^ and ^^gc ^'^^ with 

and 

for n e C. Then there exist Kn^ , Kn^ e N for n e C such that 

J^e^-^'^(^)AW = ^e^^-^^w^°^~^^(^)^°^^^e^^'^w^°^^AW 

and 



neC \ i=0 



neC neC 



neC 



neC \ i=Q 

Remark 9.6 The formulas (9.14) and (9.15) also hold with y replaced by e C. 
We shall be restricting our attention to n e M; we shall use the subspace 

{{Wi ® W,r)li^ = II 1[{{W^ ® W,)XI (9.16) 

of {{Wi (g) W^2)*)[q^ and the correspondingly defined subspace 

{{Wr W,r)[^) = II II((W^i ® W^y){n) (9-17) 

of ((W^i ® W^2)*)(c) (recall (5.142) and (5.143)), and similarly for W2 ^ W3. 
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We next introduce the four conditions on 

These conditions are motivated by certain properties of such elements obtained from products 
or iterates of intertwining maps (sec Proposition 9.13 below). Essentially there are really 
only two conditions, with the designations P^^\z) and P^'^\z), but each of them has a 
non-semisimple version and a semisimple version. These four conditions will enter into the 
formulation of the "expansion condition." 

The P'^^)(2;)-local grading restriction condition 

(a) The P^^\z)- grading condition: For any W{i) e Wi, there exists a formal series 
EneM with 

for n G M, an open neighborhood of z' = 0, and e M such that for W{2) G and 
■u;(3) G W^i the series 

(recall (9.14) and Remark 9.6; here we evaluate at ^(2) ® W(3)) has the following prop- 
erties: 

(i) The series can be written as the iterated series 



nSK \ \j=0 



(recall from Proposition 7.8 that M x {0, . . . , N} is a unique expansion set). 

(ii) It is absolutely convergent for 2;' G C in the open neighborhood oi z' = Q above. 

(iii) It is absolutely convergent to IJ'^\yj^^^-^{w{2) ® 1^(3)) when z' — 0: 

E ^n\w{2) ® W(3)) = /^l^i(^j(W(2) ® W(3)) = A(W(i) ® W(2) ® W(3)). 

(b) For any ^(i) G Wi, let l^i'^,^^, be the smallest doubly graded (or equivalently, A- 

graded; recall Remark 5.40) subspace of ((1^2 ® ^3)*)[^\ equivalently, of {{W2 ® 

W3)*)pp containing all the terms An^ in the formal series in (a) and stable under the 
component operators Tp(^z){'^ ® t"^) the operators Yp^^s^{v,x) ior v & V, m & Z, and 
under the operators L'p^^^{—1), Lp^^^(O) and L'p^^.^{l). (In view of Remark 5.42, W^^l 
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indeed exists, just as in the case of the P(2;)-local grading restriction condition.) Then 
properties 

(Mi!;(i))[flfc] =0 for A; e Z sufficiently negative 

for any n G M and (3 E A, where the subscripts denote the M-grading by Lp^^^(O)- 
(generahzed) eigenvalues and the superscripts denote the yl-grading. 

The L(0)-semisimple P(^^(2;)-local grading restriction condition 

(a) The L{0)-semisimple P^^\z)- grading condition: For any ^(i) e Wi^ there exists a 
formal series X^^g^ An ■* with 

for n e IR and an open neighborhood of 2;' = such that for ^(2) £ W2 and ^(3) e W3, 
the series 

has the following properties: 

(i) It can be written as 

^e-'A«(«;(2)®^(3)) 

neM 

(recall from Proposition 7.8 that M x {0} is a unique expansion set). 

(ii) It is absolutely convergent for z' E Cm. the neighborhood of 2;' = above. 

(iii) It is absolutely convergent to /^a!^,^^^ (w(2) ® W(3)) when z' = 0: 



J2 ^n\wm ® W(3)) = /^2i(^j(W(2) ® W(3)) = A(W(i) ® W(2) ® ^(3)). 
neIR 

(Note that such an element A also satisfies the P*^^) (2;)-grading condition above with 
the same elements An''.) 

(b) For any ^(i) e Wi, consider the space above, which in this case is in fact 

the smallest doubly graded (or equivalently, A-graded) subspace of ((W^2®1^3)*)(k) (o^" 

of {{W2 (8) 1^3)*) (cj) containing all the terms A^^^ in the formal series in (a) and stable 
under the component operators Tp(^z){v <S> t"^) of the operators Yp^^s^{v,x) for v & V, 
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m & and under the operators Lp^^^(— 1), Lp^_^^(0) and Lp^^^(l). Then VF^^^^^j has 



the properties 



(^A,TO(i))(n+fc) = for /c e Z sufficiently negative 

for any n e R and ^ e A, where the subscripts denote the R-grading by Lp^^^(O)- 
eigenvalues and the superscripts denote the 74-grading. 

The P^^^(2;)-local grading restriction condition 

(a) The P^'^\z)- grading condition: For any W{^) G W3, there exists a formal series 
EneM ^ with 

for n e M, an open neighborhood of z' — 0, and N & N such that for ^(i) e VFi and 
^(2) e W21 the series 

has the following properties: 

(i) It can be written as the iterated series 

nSK \ \ i=0 ■ / / 

(recall that R x {0, . . . , A^} is a unique expansion set). 

(ii) It is absolutely convergent for G C in the neighborhood of = above. 

{'2) 

(iii) It is absolutely convergent to A*a,«)(3) ('"^(1) ® '"^(2)) when z' = 0: 



J2 AnH^(l) ® ^^(2)) = /^i^i(3)(^i^(l) ^ t^{2)) = A(W(1) ® ^(2) ^(3)). 



('2) 

(b) For any W(3) G W3, let W)^l^_^^ be the smallest doubly graded (or equivalently, A- 
graded) subspace of {{Wi VF2)*)pp or equivalently, of {{Wi (g) VF2)*)[q'', containing 

all the terms An in the formal series in (a) and stable under the component operators 
'rp{z){v igD t'") of the operators Ypf^^^{v,x) for v G y, m G Z, and under the operators 

^P(.)(-l), ^P(.)(0) and L'p(,)(l). (As above, wf^^^^ indeed exists.) Then w'^^^^^ has 
the properties 



K2) 

u.iiin^i'i' 

K2) n(/3) 



dim«;3,)}:; < 00, 



(^A w(3))[n+fe] ~ A; G Z sufficiently negative 
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for any n e R and /3 e A, where the subscripts denote the IR-grading by Lp^^^(O)- 
(generahzed) eigenvalues and the superscripts denote the ^-grading. 

The L(0)-semisimple P'^^)(2;)-local grading restriction condition 

(a) The L(0)-semisimple P^'^\z) -grading condition: For any W(3) e W^-, there exists a 
formal series ^^^r An ■* with 

for n e R and an open neighborhood ol z' — Q such that for W(i) e Wi and W(2) e 
the series 

nGR 

has the following properties: 

(i) It can be written as 

nGR 

(recall that R x {0} is a unique expansion set). 

(ii) It is absolutely convergent for 2;' G C in the neighborhood of 2;' = above. 

(iii) It is absolutely convergent to ^4,^3^ ® W{2)) when z' = 0: 

(Note that such an element A also satisfies the P'-^^ (2;)-grading condition above with 
the same elements An^) 

(b) For any 1^(3) G W^, consider the space W^l^^^_^ as above, which in this case is in fact 

the smallest doubly graded (or equivalently, A-graded) subspace of ((W^i ® W^2)*)(Rj (or 

of {{Wi (8> VF2)*)(cj) containing all the terms An ■* in the formal series in (a) and stable 
under the component operators rp(^)(t' (E) t™") of the operators YL^Jv,x) for v E V, 



the properties 

A,'ii)(3) V (n) 



m G Z, and under the operators Lp^_^j(— 1), L'p^^^{Q) and Lp^^^(l). Then W^^^^^^^^ has 



dim(M'ijS < 00, 



(^15,(3) = for A; e Z sufficiently negative 

for any n G R and (3 & A, where the subscripts denote the R-grading by Lp(^^(0)- 
eigenvalues and the superscripts denote the 74-grading. 



14 



Remcirk 9.7 Part (a) of each of these conditions says in particular that there exists N eN 

(N = in the semisimple case) such that when apphed to an arbitrary element of W2 ® W3 
or Wi ® W2, (^p(,)(0) - L'p(^)(0)3)^+Ui') or {L'p^,){0) - L'p(^)(0),)^+Ui') becomes for 
neM. Thus Part (a) of each of these conditions implies: 



or 



or 



neM \ \ i=0 ' / / 

^(e^^P(.)(0)A«)(^.(2) ® ^(3)) = Y. ^"'^i'H^{2) ® ^(3)) 



neM neIR 



neM 



neM \ \«=0 



or 



neM neM 

Part (a) of each of these conditions also asserts in particular, in the language of weak absolute 
convergence (recall Remark 7.24), that, for example, for any W(\) G W\, /^i^i^^j is the sum of 

a weakly absolutely convergent series ^^gjaAn"* with An^ G lI^g^((W^2 ® ^3)*)[f/- 

While the grading restriction conditions above asserting the existence of the elements A^''^^ 
or An ^ do not say anything about the uniqueness of these elements, they are indeed unique: 

Proposition 9.8 The elements , n in the P^^\z)-local grading restriction condition 
(or the L(0) -semisimple P^^\z) -local grading restriction condition) and the elements \n\ 

n E M., in the P^'^\z) -local grading restriction condition (or the L{0) -semisimple P^'^\z)- 
local grading restriction condition) are uniquely determined by the properties indicated in 
Part (a) of the conditions. 

Since the proof of this result follows easily from certain facts established in the proof of 
Theorem 9.17 below, we defer it to Remark 9.19. This uniqueness result implies the following 
bilinearity result for the elements An'' and An^: 

Corollary 9.9 The set of X E {Wi (8) 1^2 ® W3)* satisfying any of the four local grading 

restriction conditions forms a linear subspace. The elements Xn\ n G M, m the P'^^\z)- 
local grading restriction condition (or the L{Q) -semisimple P^^\z)-local grading restriction 
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condition) are bilinear in A and W(i), and the elements Xn \ n eM, in the P^'^\z) -local grading 
restriction condition (or the L{0)-semisimple P^'^\z)-local grading restriction condition) are 
bilinear in A and W(^) . 

Proof We prove only the case of the P^^^(2;)-local grading restriction condition; the other 
cases are handled the same way. 

We shall use the notation An''(A, n e M, to denote An'' in the P'^^^(^)-local grading 
restriction condition to exhibit the dependence of these elements on A and W{iy Let A and 
A be elements of (Wi ®W2® W3)* satisfying the P(^)(2;)-local grading restriction condition, 
W(^-i) and ^(1) elements of Wi, and a, 6, c and d complex numbers. Then the formal series 

Y^{ac\^^\\w^i)) + ad\'^^\\w^i)) + hc\^^\\w^i)) + hd\^^^^ 

satisfies (i) (ii) and (ni) in Part (a) of the P^-*^) (2;)-local grading restriction condition for 

aA + 6A e {Wi ®W2® W3)* and cw(i) + dw^i) G Wi, where we use the intersection of the 
four open neighborhoods of 2;' = and the maximum of the relevant nonnegative integers 
A^. The summands (for n G M) also satisfy Part (b) of the condition. Thus a\ + b\ satisfies 
the P''^^(z)-local grading restriction condition, and by Proposition 9.8 we have 

A^-^^(aA + h\, c-u;(i) + dw{i)) 

= acAi^)(A, + ac?Ai^)(A, + 6cAi^)(A, + 6ciAi^)(A, 

for n e R. □ 

Using the uniqueness and recalling the A-homogeneous subspaces (5.88) and (8.43), we 
obtain the following natural ^-properties of the elements A„ in each of the four conditions: 

Proposition 9.10 Suppose that 

A e {{Wi(dW2®W^y)^^\ 

with P & A, satisfies the P^^\z)-local grading restriction condition, and suppose that 

with Pi e A. Then for each n e R, 

The analogous statement holds for each of the other three conditions; for instance, if 
satisfies the L{0)-semisimple P^'^\z) -local grading restriction condition and 

Wis) e wt-'\ 



with e A, then 



x^:^e{{Wi®w2rtV''^ 
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Proof We prove only the first case mentioned, the proofs in the other cases being similar. 
We have 



since for /^s, ^3 e i such that /S^ + Pa^-p- Pi and for W(2) G ^(3) e W^^'\ 

SO that we have the absolutely convergent sum 

J2 ^n\t^{2) f«(3)) = /^ii(i)(«^(2) f«(3)) = 0. 

For each n e M, let A^^^ be the projection of A^^^ to ((W2 W3)*)[fj'^'^'^ 

Then clearly the An ^ for n e R also satisfy Part (a) of the P^^^ (2;)-local grading restriction 
condition, and so by the uniqueness (Proposition 9.8), 

A(^) = A(i) 

so that 

for neR. □ 

In the rest of this section, we shall focus on the case that the convergence condition 
for intertwining maps in C holds and that the generalized ^-modules that we start with 
arc objects of C. Recall the categories Ai.sg and QAdgg from Notation 2.36, and recall 
Assumptions 4.1, 5.30 and 7.11 on the category C. 

Remcirk 9.11 Let Wi, W2, and W4 be generalized modules. Given an Ji-compatible 
map 

F :Wi®W2®Ws^W4 

as in Remark 8.12, there is a canonical A-compatible map G from to (l^i (8) W2 (8) W3)* 
corresponding to F under the indicated canonical isomorphism between the spaces of such 
maps. We shall denote the map G corresponding to F by F': 

F' ^G -.Wi^ (Wi®W2® Wa)*. 

Assume the convergence condition for intertwining maps in C and that all generalized V- 
modules considered are objects of C. Let /i, I2, and P be P{zi)-, P{z2)-, P{z2)- and 
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P(zo)-mtertwinmg maps of types (^^^J, (^^^3)' iiJ^m) imm)^ respectively. Then 
the maps 

(/i o {Iw^ /a))' : Wi ^ {Wi ® H/2 W^s)* (9-18) 

for \zi\ > \z2\ > and 

(/I o (/2 <8 l^;^3))' : ^ (Wi (8) (8) W^3)* (9.19) 

for |2;2| > |-2o| > are well-defined ^4- compatible maps. In particular, for w^^^ e 14^4, we have 
the elements 

(/i o (1^., ® /2))'(w;4)) e {Wi ^W2® WsY (9.20) 

and 

(71 o (72 (g, 1^3))'^^^) e (M^i ® ® W^3)*- (9.21) 
Proposition 9.10 applies to such elements A when w'^^-^ is ^4- homogeneous, since for 

^(4) 

with ^4 e ^4, we have 



A e ((1^1 ® 1^2 ® 1^3)*)^'^'^ 

for A cither of the elements (9.20), (9.21), by the ^-compatibility. This yields the natural 
A-propcrties of the corresponding elements A„ in each of the four conditions (the complex 
numbers z being chosen in the ways that they arise naturally in the theory): 

Proposition 9.12 Assume that the convergence condition for intertwining maps in C holds. 
Let Wi, W2, W3, Wi, Ml and M2 be objects of C and let 7i, 72,. 7^ and P be P{zi)-, 
P{z2)-, P{z2)- and P{zo) -intertwining maps of types {^1^^, {mIw) i.w%X 

respectively. Let 

^4) e 

with 

Assume that \zi\> \z2\> Q and let 

A= (7io(1h.^®72))'(w'(4)). 

Suppose that A satisifies the P^^\z2)-local grading restriction condition or, respectively, the 
P^'^\zo) -local grading restriction condition. Then for W{i) e w[^^^ or, respectively, W(^s) £ 
W^^^\ with e A, we have 

or, respectively, 

X^^^ e{{Wi^W2)X]^^'^ 
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for each n G M. When C is in Adgg, suppose instead that A satisfies the L{0)-semisimple 
P^^\z2) -local grading restriction condition or, respectively, the L{fd)-semisimple P^'^\zQ)-local 
grading restriction condition. Then for W{i) and W{^) as above, we have 

or, respectively, 

for each n G M. The analogous conclusions hold if, instead, \z2\ > \zq\ > and {P o (/^ (g) 
Iw-^))' (w'^^-j) satisfies the P^^\z2) -local grading restriction condition (or the L{0)-semisimple 
P'^^\z2) -local grading restriction condition when C is in M.sg) or the P'^'^\zq) -local grading 
restriction condition (or the L{0) -semisimple P^'^\zq) -local grading restriction condition when 
C is in Msg)- □ 

In the next result, wc prove that for the product of a P(2;i)-intcrtwining map Ii and a 
P(^2)-iiitertwining map I2, each element (9.20) of the image of the map (9.18) satisfies the 
-P^^n-^2)-local grading restriction condition and that for the iterate of a P(z2)-intertwining 
map P and a P(2;o)-intertwining map each element (9.21) of the image of the map (9.19) 
satisfies the P^'^^ (2;o)-local grading restriction condition. 

Proposition 9.13 Assume that the convergence condition for intertwining maps inC holds. 
Let Wi, W2, Ws, W4, Ml and M2 be objects of C and let h, h, and P he P{zi)-, 
P{z2)-, P{z2)- and P{zq) -intertwining maps of types (^^^J, (hws)' (aws) imwX 
respectively. Let e W'^. // |^i| > |2;2| > 0, then 

(Ji o (1^^ ® /2))'(w^(4)) e {Wi ®W2® W^Y 

satisfies the P^^\z2)-local grading restriction condition (or the L{0)-semisimple P'^^\z2) -local 
grading restriction condition when C is in Msg), (^nd z/ |^2| > |^o| > 0, then 

(71 o (72 i^^)y{w[^^) e {Wi ^W2^ WsY 

satisfies the P^'^\zq) -local grading restriction condition (or the L(0) -semisimple P^'^\zq) -local 
grading restriction condition when C is in Msg)- Moreover, suppose that C is closed under 
images (recall Definition 5.35). Let G Wi and W(3) G W3. Take 

AW G {W2 ® Ws)* 

and 

A(f) G {Wi W2Y, 

n G R; to be the elements constructed in the proof below. Then the corresponding spaces 
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and 

(constructed using these elements Xn^ and Xn^ ), equipped with the vertex operator maps given 
^p{z2) ^'^^ ^P(2o)' respectively, and the operators L'p^^^^{j) and L'p^^^^{j), respectively, for 
j — —1,0,1; are generalized V-suhmodules of objects of C included in {W2 ® W3)* and 
{Wi (8) W2)* , respectively. In particular, for any n e IR, the doubly-graded subspaces 



and 



(2) 



(recall the notation Wx in the P{z)-local grading restriction condition in Section 5) are also 

generalized V-submodules of objects ofC included in (W^2®W^3)* md {Wi^W2)* , respectively; 



W (1) is the generalized V -submodule generated by A„ (the smallest generalized V -submodule 



containing Xn'' ), and analogously for Xn^ . 

Proof Let eWi. For n e M, let m'^^) „ G be defined by 

= (w(4),/l(^/;(l) (8)7r„(m(i)))) 

for m(i) e Ml. Since 1^(1) and w'^^-^ are finite sums of A-homogeneous elements and Ii is 
^-compatible, m'^^^ ^ is also a finite sum of ^-homogeneous elements. Since by definition, for 
777,(1) e {Mi)im], '^(i),„("^(i)) = when m ^ n, we see that e (M{)[„]. 

Let 

Prom Notation 5.25, we have Ai'^ = ^2(Si),n)' wliere M( ^ (W^s ® W^s)* is as indicated 
in Notation 5.25. Since m'^^^ ^ e (M()[„], by Proposition 5.33(b), 

Ai^^=/2Kl),n)e((W^2®^3r)N 

for 77 e M. In addition, since I2 is A-compatible and 777'^^^ n ^ finite sum of 74-homogeneous 

elements, A^''^^ is also a finite sum of Ji-homogeneous elements. By Proposition 7.12, the set 
{{n,i) e C X N I (1/(0) — 7i)'(M()[„] 7^ 0} is included in a (unique expansion) set of the 
form K X {0, . . . , A^}, and its subset {{n,i) e C x N | (L^(^^)(0) - ufX^n^ ^ 0} is included 
in the same set (recall that I2 intertwines the various actions, including those of L(0) and 
^P(..)(0))- 

When 1 2:1 1 > 1 2^2 1 > 0, the product of 1\ and I2 exists. For W{2) G ^2 and W(3) e Wj, we 
have 

/^(;lo(l^,«7,)y(.^,,),.(,)K2)^^^^(3)) 
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^AW(^^;(2) (g)-u;(3)), 



an absolutely convergent series. 

Let 3^1 = yi^fi and 3^2 = 3^/2,o (recall Proposition 4.8) so that 

^2(^(2) ® W(3)) = 3^2(^(2), ^2)^(3) 

for u'(i) G Wi, ^1(2) G W2, 'If (3) G and w G Mi (recall the "substitution" notation from 
(4.12), where we choose p = 0). By Proposition 5.33(b), the map preserves generalized 
weights. For z' G C, we also have, using (3.61) (recall (3.8) and Remark 3.34), 

e"'^(°)/2(W(2) ®W(3)) 

^y^^^^y2{w^2),X2)w^3) 

-3^2(/^°^W(2),X2|/)/(°)w(3)' 



= 3^2(e^'^(°V(2),x)e^'^(°)^(3) 

Thus 

J^(e^'^p(..)WAW)(^(2)®^(3)) 



j.m=e'"((i°g ^2)+^') , log a:=(log Z2)+z' 



= J^(e^'^P(.2)W(/^(,„;^)_J))(^(2) ® ^(3)) 

nGR 

= E(^2(e^'^^°^Sl),n))K2)®^(3)) 

= J](e^'^Wm'(,),J(/2(^(2)®^(3))) 

nGM 

= ESl),n(e''''^°^^2(«;(2)«)«;(3))) 

nGR 

= XI ^1(W(1) ® 7r„(e^'^(°)/2(w(2) ® W(3))))) 

nGR 



7rn(3^2(e^'^(°)«;(2),a;)e^'^W«;(3))) 



=e'"'°s^i, logxi=logzi, x'"=e'"(('°s^2)+2:'), logx=(logZ2)+^:' 
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and when z' is in a small open neighborhood of such that in particular l^ij > \e^' Z2\ > 0, 
this series is absolutely convergent for all G Wi, W(2) G W2, W7(3) G W^, and w'^^^^ G W'^ 

(note that there exists p E'L such that (log;22) + z' = lp(z2e^'); in fact, if Z2 is not a positive 
real number, then (log Z2) + z' = \og{z2e^ ) for z' sufficiently near and if Z2 is a positive 
real number, then either (log 2:2) + z' = log(2;2e^ ) or (log 2:2) + z' = l_i{z2e^ ) (recall (4.10))). 
Hence (/i o (1^^ (g) /2))'(w^(4)) satisfies the P^^)(2;2)-grading condition. 

We know that the map I 2 preserves generalized weights, and I 2 is also A-compatible. 
Thus the image under I2 of the generalized K-submodule of the generalized ^-module M[ 
generated by the elements ni'i^i) „ for n G M (that is, the smallest (strongly A-gradcd) general- 
ized V-submodule containing these elements) satisfies the two grading restriction conditions 
(5.144) and (5.145). Since is this image. Part (b) of the P(^)(2;2)-local 

grading restriction condition holds. 

When C is in Msg, the same arguments show that (/i o (liy^ (g) 12))' {w'^^^-^) satisfies the 
L(0)-semisimple P^^^(2;2)-local grading restriction condition. 

Moreover, lUMi) and wj'}'^ wk / ^ are generahzed ^-modules, and so is VF^(i) 

for each n G R. If C is closed under images, then V^iM'^ is an object of C included in 
(Vl^2 ® W3)*, since M[ G obC, and so ^^(f^o(\^^®H))<{w'^^^),w^^) W^w for each n G R are 
generahzed submodules of objects of C included in (1^2 ® W^a)*- 

Now we handle the other case analogously. Let ^(3) G W3. For n G R, let m^g)^ G 
be defined by 

K2),n("^(2)) = H4),^^(7rn(r"(2)) ®W(3))) 

for 771(2) £ ^2- Then 777.^2) „ is a finite sum of A-homogeneous elements and is an element of 
(M^)[„l. Let 

Ai'^=m'(2),„o/2G(W^i®W^2)*. 

Then 

Ai^) = (/7K2),n)e((P^l®W^2)*)H 

for 77 G M and is a finite sum of A-homogeneous elements, where (J^)' : M'^ — )■ {Wx ® W2)* 
is as indicated in Notation 5.25. By Proposition 7.12, the set {in^i) G C x N | (-^^(0) — 
nf{M',^]^n\ 7^ 0} is included in a (unique expansion) set of the form M x {0, . . . , A^}, and its 
subset {{n,i) G C x N | (Lp^^^^(O) — nfy^n 7^ 0} is included in the same set. 

When \z2\ > \zo\ > 0, the iterate of and P exists. For u'(i) G Wi and W(^2) £ W2, 

= W{4)^ 1^(1^ ('^{l) ® «'(2)) ® W(3))) 

= J^H4)' ^^(7rn(/^(W(i) ® W(2))) ^(3))) 
ngR 

= X] K2),n(^^Kl) ® "^(2))) 
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n6M 

Let = yn^o and = so that 

{w (g) W(3) ) = 3^^ (tt?, 2:2)^^^(3) , 
O W(2)) = CV^(w(i),2;o)«;(2) 

for u'(i) e 1^1, W(2) G W2, tf(3) G 1^3 and w G M2. By Proposition 5.33(b), the map (P)' 
preserves generahzed weights. For 2;' e C, we also have 



(2) J 



y''^'^y'{w(,),xo)w^2) 

ym =f,mz' , log 2/=z' , a;g» =6"" ^0 , log Xo =log Zo 

:t^^(y^W^/;(i),xo?/)/(°V(2) 



ym—gmz'^ logj/=z', a;Q*=e'"'°s^o, loga;o=log^o 

j.m=em,((log zo)+^') , log x=(\og Zo)+z' 



Hence 



J](e^'^W.o)(°)A(f))K)®^(2)) 

neR 

= J]((/2)'(e^'^(°)m;2),J)Ki)®^(2)) 
= 5](e^'^(°)m'(,),J(7^K)®«;(2))) 

= 5^(W'(4), /I(7r„(e^'^(°)/2(W(1) ® W(2))) W(3))) 

nSR 

= EH4)'3^'(^-(3^'(e'''^^°^^(l)'^)e''^^°^^(2))>^2) 



neR 



^gmlogza, logX2=logZ2, x'"=e'"((l°8 ^o)+^') , logx=(logzo)+2:'' 

which is absolutely convergent for all u'(i) e VFi, ^(2) £ VF2, W(3) G W3, and w'^^^ e W4, when 
is in a small open neighborhood of such that in particular, \z2\ > \e^' zo\ > 0. Thus 
(I^ o [P (g) lvi/3))'('"^(4)) satisfies the P^^^(2;o)-grading condition. 

Since the map [P)' preserves generalized weights and is also A-compatible, the image 
under [P)' of the (strongly 74-graded) generalized \^-submodule of the generalized V^-module 
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M2 generated by the elements m'^^) „ forn e R satisfies the two grading restriction conditions 

(5.144) and (5.145). Since W^jl^^^^^^^^^y^^,^^^^^^^^^ is this image, Part (b) of the P^^) (^o)-local 

grading restriction condition holds. 

The rest of the proof proceeds as above. □ 

We will often need to prove that certain generalized y- modules (or ordinary F-modules) , 
in the original sense of Definitions 2.9, 2.11 and 2.12 {without the assumption of being 

strongly graded) are indeed strongly graded, and the main nontrivial properties to verify 
will often be the grading-restriction conditions (2.85) and (2.86). Thus we shall find the 
following definition useful, in particular in the next result: 

Definition 9.14 In the setting of Definition 2.25 (the definition of "strongly graded"), a 
generalized V^-modulc or a \^-module (not necessarily strongly graded, of course) is doubly 
graded if it satisfies all the conditions in Definition 2.25 except perhaps for (2.85) and (2.86). 
The doubly-graded generalized V-submodule generated by given elements of a doubly-graded 
generalized F-module is (of course) the smallest doubly-graded (or equivalently, A-graded) 
generalized T^-submodule containing the elements; similarly for doubly-graded ^-modules. 

Remark 9.15 A doubly-graded generalized y-submodulc of a generalized V^-modulc is of 
course strongly graded; similarly for ^-modules. (Recall that a generalized ^-module and a 
y-module are 74-graded, and in addition strongly graded, by our conventions.) 

Remark 9.16 Such structures have arisen in Propositions 5.33 and 5.67. 

In general, for the product of a P(2;i)-intertwining map Ii and a P( 2:2) -intertwining 
map /2, the elements of the image of the map (9.18) might not satisfy the P(^^(zo)-local 
grading restriction condition and for the iterate of a P(2;2)-intcrtwining map and a P{zo)- 
intertwining map the elements of the image of the map (9.19) might not satisfy the 
-P*^^'*('^2)-local grading restriction condition. But if they do, we have important consequences. 
In the theorem below, we shall prove a fundamental consequence, which plays an essential 
role in the rest of this section and in our construction of the associativity isomorphisms 
in the next section. The content of this theorem is essentially this: Given a product, and 
assuming the relevant condition, we construct a certain generalized K-module which will 
become (by virtue of Lemma 9.22 below) an intermediate module for a suitable iterate. 
This will allow us to express the product as an iterate, and vice versa when we start with 
an iterate. The hard part of the proof is to show that each term in the series given by 
the P^'^\zo)- or P'^^)(2;2)-local grading restriction condition satisfies the P{zo)- or P{z2)- 
compatibility condition, respectively. 

Theorem 9.17 Assume that the convergence condition for intertwining maps in C holds 
and that 

\zi\ > \Z2\ > \zo\ > 0. 
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(Recall that zq = Zi — Z2-) Let Wi, W2, W3, W4, Mi and be objects of C and let Ii, I2, 
and P be P{zi)-, P{z2)-, ^(^2)- and P{zo)-mteriwining maps of types {y^^jj, {^Ws)' 
(aWs) (mm)' respectively. Let w[^^ e Wl 

1. Suppose that (/i o (1^^^ 12))' {w'^^-^) satisfies Part (a) of the P^'^\zq) -local grading 
restriction condition, that is, the P^'^\zq)- grading condition (or the L{0)-semisimple 
P^^\zq) -grading condition when C is in M.sg)- For any W{2,) E W^, let X^neM'^"^ ^ 
series weakly absolutely convergent to 

as indicated in the P^'^\zq)- grading condition (or the L{0) -semisimple P^'^\zq)- grading 
condition), and suppose in addition that the elements A„ G {Wi®W2)* , n G M, satisfy 

the P{zQ)-lower truncation condition (Part (a) of the P{zq)- compatibility condition in 

(2) 

Section 5). Then each An satisfies the (full) P{zq) -compatibility condition. Moreover, 
the corresponding space 

equipped with the vertex operator map given by Ypi^zo) ^''^^ operators L'p^^^^{j) for 
j — —1,0,1, is a doubly-graded generalized V -module, and when C is in M.sg, a doubly- 
graded V -module. In particular, if {1 1 0(1-^1® 1 2))' {w'f^^^) satisfies the full P^^\zo) -local 

grading restriction condition (or the L{0) -semisimple P^'^\zq) -local grading restriction 
condition when C is in Aiga), then wj'? ^^/^ / ^ is a generalized V-module, 

that is, an object of QAigg (or a V-module, that is, an object of Aigg, when C is in 

(2) 

Msg); in this case, the assumption that each An satisfies the P{zQ)-lower truncation 
condition is redundant. 

2. Analogously, suppose that {P o (/^ (g) l\y.jy (w'^^^) satisfies Part (a) of the P''^\z2)- 
local grading restriction condition, that is, the P^^\z2)- grading condition (or the L(0)- 
semisimple P^^\z2)- grading condition when C is in Aisg)- For any W(^i) G Wi, let 
X^neiR ^ ^ series weakly absolutely convergent to 

as indicated in the P^^\z2)- grading condition (or the L{0) -semisimple P^^\z2)- grading 
condition), and suppose in addition that the elements Xn^ G {W2 W^)* , n G M, 
satisfy the P{z2)-lower truncation condition (Part (a) of the P{z2)- compatibility con- 
dition). Then each Xn^ satisfies the (full) P{z2) -compatibility condition. Moreover, the 
corresponding space 
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equipped with the vertex operator map given by Yp(^z2) ^''^^ operators L'pf^^^^{j) for 
j = —1, 0, 1, is a doubly-graded generalized V -module, and when C is in Msg, doubly- 
graded V -module. In particular, if {I^ o (/^ (g) lvi^3))'('^(4)) satisfies the full P^^\z2) -local 
grading restriction condition (or the L{0)-semisimple P^^\z2) -local grading restriction 
condition when C is in M.sa), then w/n /r2^i w/t > \ is a generalized V-module, 
that is, an object of QAigg (or a V-module, that is, an object of Msg, when C is in 
Msg); in this case, the assumption that each Xn ^ satisfies the P{z2) -lower truncation 
condition is redundant. 

Proof We will prove only Part 1 of the theorem, involving Ii o {Iwi ^ h)', Part 2 is proved 
entirely analogously. 

To prove that wlf^^^^^ (^i2)y{w' ) w(3) ^ doubly-graded generalized y- module (and when 
C is in Msg, a doubly-graded y- module), we claim that it is sufficient to prove that each 
Xn\ n e R, satisfies Part (b) of the P(zo)-compatibility condition (and hence the P(zo)- 
compatibility condition itself, since these elements are assumed to satisfy Part (a)). Indeed 
by Lemma 5.41, the space 

(coMPp(,„)((iyi ® W2y)) n {{Wi ® w2yY^^ 

is A-graded, and hence so is its intersection 

M = (C0MPp(,„)((iyi ® W2y)) n {{Wi ® W2r){iJ 

with the ^-graded space {{Wi ® ^^2)*)^/- By Theorem 5.45, this space M is also Lp^^^^)(0)- 
stable and hence C-graded and therefore doubly graded. By Theorem 5.48 and Remark 5.42, 
M is a weak V^-module and hence in fact a doubly-graded generalized ^-module; when C is 
in Msg, we replace the subscript [C] by (C), and M is a doubly-graded F-module. By our 
hypothesis that each An ^ satisfies the P(2;o)-compatibility condition, we have that An ^ e M, 
and so 

.(2) 

proving our claim. 

The proof below of Part (b) of the P(2;o)-compatibility condition is a generalization of 
the proof of (14.51) in [H]. The proof here is (necessarily) much more elaborate. When C is 
in Msg, the proof below of course simplifies to a certain extent, but even in this case, our 
setting is more general than that in [H], and the proof here is correspondingly more delicate. 

Let 3^1 = 3^/^_o and 3^2 = 3^/2,o (recall Proposition 4.8) so that 

/i(w(i)®u') = yiiw^i),Zi)w, (9.22) 

^2(^(2) ® W(3)) = 3^2(W(2),^2)W(3) (9.23) 

for W(i) e Wi, W(^2) G W2, W(3) e W3 and w G Mi (recall the "substitution" notation 
from (4.12), where we choose p — 0). For z e , let If and /| be the P{zo -\- ZZ2)- and 
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> 


^2 


> 





P{z Z2)-inteTtwimng maps ly^^o and ly^fi, respectively (assuming that Zq + zz^ 7^ 0), so that 

= 3^i(w(i),Zo + 2:^2)w, (9.24) 
/2(w(2) ® W(3)) = 3^2(^(2), 2:2:2)^(3) (9.25) 

for 1/7(1) G W^i, W(2) e 14^2, W(3) e W-i and w G Afi; these maps are "deformations" of (9.22) 
and (9.23), which correspond to 2; = 1. 
small neighborhood of 2; = 1 such that 

\zq + 2;; 

(recall that 

Zl = Zq + 2^2). 

Since 

XlH4)>-^l(w(l) <8)7r„(/|(w(2) ®W(3))))) = ^{w[^),yi{w(i), Zq + ZZ2)'Kn{y2{W(2): ZZ2)W(3))) 

(9.26) 

is absolutely convergent when l^o + -22:21 > 1 2:2:21 > for W(^i) e Wi, W(2) G W2, W(3) G W3 
and G W^, the product o {Iw^ <8) /|) exists for 2; in a sufficiently small neighborhood 
of ^ = 1. 

We shall establish a relationship between (9.26) and a certain Taylor series expansion in 
log^. 

The case j^O,z^zo and A = /^[?Jo(i^^07,))'K(,^),«,(3) ^^■'^^^^ ^'""^^ 

.(2) 



(^p(.o)(o)/^(7; 



= /^So(i^,0/.))'(«,;,)),«,(3)(^(i) ® ^(0)^(2) + (^(0) + ^oL{-l))w^,) ® «;(2)). (9.27) 

Let X be a formal variable. Then recalling the notation from (4.12) with p = and Remark 
9.11, and using Definition 7.1, (9.22) and (9.23), we have 

((1 - a;)"'^^(^o)(°V;t(iw,«/.))'(-;,)),«.(3))K) ® ^(2)) 

= ((7l O (1^, 72))'(^;4)))((1 - x)-^°^(-^)-^W^(i) ® (1 - X)-^W^(2) ® ^(3)) 

= («;;4), (7i o (1^^ (8) 72))((1 - x)-^°^(-^)-^(°V(i) (8) (1 - x)-^(°)«;(2) (g) w^s))) 
= 7i((l - x)-^°^(-^)-^Wi/;(i) ® 72((1 - x)-^(°)«;(2) ® «;(3))) 

= (^/;;4),3^i((i-^)-'°^^"'^"^^°^«^(i),^i)3^2((l-x)-^(°)//;(2),x2)w^^^ 

a;i=zi, a;2=22 

(9.28) 
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where, because of Proposition 7.20, the coefficient of each power of x on the right-hand side 
of (9.28) has any of the meanings discussed in Remark 7.21, and in particular, means an 
absolutely convergent multisum or an analytic function of Zi and Z2. The equality (9.28) 
says that the coefficient of each power of x on the left-hand side of (9.28) is equal to such an 
absolutely convergent multisum or such an analytic function obtained from the coefficient of 
the same power of x on the right-hand side. 
Using Remark 3.42, we have 

y^{{l - x)-(---^)^(-^)-^(°)«;(i),Xi):^2((l - x)-^W«;(2),X2) 

= (1 -x)-(^(°)--^^(-i»J^i(^/;(i),Xi)J^2(«;(2),X2)(l -x)''(°)-"^''(-'). 
Then by Proposition 7.20, we see that the right-hand side of (9.28) is equal to 
(<), (1 - x)-(^W--^^(-^))3^i(w(i),Xi)- 



X-i=Zi, X2=Z2 



(9.29) 



Lemma 9.3 in [HL2], which used only the bracket formula for L(0) and L(— 1), gives the 
formula 

(1 _ ^)L(0)-..L(-1) ^ _ ^)L(O)^ 

and so by (3.60), (9.29) is equal to 

(1 - x)-^(°)e--^-^(-i)3^i («;(!), xi)- 

•J^2(^(2),^2)e^^^^(-^)(1 - x)'^^^^w^^))w, 
= ((1 - a;)"-^'^°^W(4), 3^i(w(i), xi - X2x) ■ 



Xl=Zl, X2=Z2 



•3^2(w(2),a;2 - a;2a;)(l - x)^^°^w^3))wi 



Xl=Zl, X2=Z2 



(9.30) 



Thus the left-hand side of (9.28) is equal to the right-hand side of (9.30) (as formal power 
series in x). 
Let 



(9.31) 



log^ < arg2; < tt 

log z — 27ri TT < arg z < 27r ' 

which is a single- valued branch of the logarithm of z in the complex plane with a cut along 
the negative real line. We use this region to choose a branch because we will need a single- 
valued branch such that 2; = 1 is in the interior of the region. By Proposition 7.14 and 
(3.71), 



^(Ci, C2, z) = (e-'°(^)^'(°)^'(4), ^i):^^2(^(2), X2)e'°(^)^W^(3))^, 



Xi=(i, X2=(2 



(9.32) 



is a single-valued function of Ci?C2 and z defined on |^i| > IC2I > 0, arg^ 7^ tt and analytic 
when arg^i, (2 7^ 0- The restriction of g{Ciy C2, z) to the subregion 



ICil > IC2I > 0, < argCi,argC2 < tt, arg^ 7^ tt 
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can be analytically extended (i) to a single- valued function gi{Ci, C2, z) defined on the regions 
given by |Ci| > IC2I > 0, arg(^i 7^ tt, arg^; 7^ vr and analytic when arg(^2 7^ 0; (ii) to a single- 
valued function 5'2(Ci) C2) z) defined on the region given by > |(^2| > 0, argC2 7^ vr, aigz 7^ 
TT and analytic when arg(^i 7^ 0; and (iii) to a single- valued analytic function 5'3(Ci, C2, 2;) 
defined on the region given by |Ci| > IC2I > 0, arg^i, arg^2 7^ tt, arg^ 7^ tt (recall Proposition 
7.14). For convenience, we shall use /i(Ci, C2, z) to denote ^((Ci, C2, z) when arg^^i, arg2;2 7^ 0, 
to denote (71(^1,^27-2) when arg^i = 0, arg2;2 7^ 0, to denote g2{,CiiC2,z) when arg^i 7^ 0, 
arg ^2 = and to denote (73(^5 C2) z) when arg 2:1 = arg Z2 = 0. Then in particular, h{(i, (2, z) 
is analytic near Ci = -^i, C2 = ^2 and z = 1 and we see that there exists a sufficiently small 
open neighborhood of 2; = 1 such that in this neighborhood, as the composition of the 
single- valued analytic function h{C,i,C,2-iZ) of Ci; C2 and z with the analytic functions 

C,l = Zo + ZZ2 

and 

C2 = ZZ2 

of z, h{zo + ZZ2, ZZ2, z) is a single- valued analytic function of z. For z satisfying 

\Zo + -2-22! > 1-2-221 > 0, 

< arg(2;o + -2-22), arg(2;2;2) < tt, (9.33) 
arg z^TT, 

by definition, we have 

h{Zo + ZZ2, ZZ2, z) 

= g{Zo + ZZ2,ZZ2,Z) 

= (e-'°(^)^'(°V;4),:t^i(^/;(i),xi):t^2(^(2),X2)e'°(^)^(°)^(3))vy, ; (9.34) 

Xl=ZQ+ZZ2, X2=ZZ2 

moreover, vr can be increased to 27r in (9.33) if arg;si and/or arg;Z2 is positive, according to 
the cases discussed above. 

In the region arg 2; ^ tt, the analytic function 

z' = l\z) 

is single- valued and univalent and z' — Q is in the image of the region. So the composition 
of the function h{zQ -\- zz2i -2^2, -2) with the inverse function 

z' 

z = e 

of the function z' — l^{z) gives us a single- valued analytic function 

f{z') = h{zo + e''z2,e''z2,e'') (9.35) 
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of z' in a sufficiently small open neighborhood of z' — 0. In particular, we can expand j{z'^ 
as a power scries in z' . Since the power series expansion of any function analytic at 2;' = 
is uniquely determined by its derivatives at z' = 0, we can find the power series expansion 
of f{z') as follows: Since h{zo + ZZ2, ZZ2, z) is analytic at 2; = 1, we first expand it as a 
power series in 2; — 1 in a sufficiently small open neighborhood of 2; = 1. Then the power 
series expansion of f{z') in a sufficiently small open neighborhood U of 2;' = is obtained by 
replacing each nonnegative integral power of 2; — 1 by the corresponding power of 2Jfcez+ kT- 
Since the convergence of the power series expansion of f{z') is independent of i/7(i) G Wi, 
W{2) £ W^2, ""^(3) £ and w^^-j G W'^^ we can choose U to be independent of these elements. 

We now want to give this power series explicitly (first, in powers of 2; — 1) using the 
right-hand side of (9.34). To do this, we have to restrict z to be in a subset such that 
h{zQ + 2:2:2, 2:2:2, z) is equal to the right-hand side of (9.34). 

Let 

= e^. 

Then O is an open subset, containing 1, of the domain of the analytic function h{zQ + 
zz2,zz2,z) of z, and is independent of ""^(i), W(2), ^{3) and w'^^^y We choose U to be small 
enough so that the power series expansion of h{zo + zz2,zz2,z) near 2: = 1 is absolutely 
convergent for 2: G O. 

Let P be (i) the set of 2; G C with 

< arg(^o + ZZ2), arg(2:^2) < 27r (9.36) 

when arg2;i, arg2;2 7^ (so that in this case, P simply equals C); or (ii) the set of z with 

< arg(2;o -|- 2:2:2) < tt, < arg{zz2) < 2n 

when arg zi — but arg 2:2 7^ 0; or (iii) the set of z with 

< arg(2:o + 2:2:2) < 2%, < arg(2:2:2) < tt 

when arg 2:1 7^ but arg 2:2 = 0; or (iv) the set of z with 

< arg(2:o + ZZ2), wg{zz2) < n 

when arg zi — arg 2:2 = 0. Then by definition, for 

zeOnP, 

we have 

h{zo + 2:2:2, 2:2:2, z) = g{zo + ZZ2-, ZZ2-, z), (9.37) 
which is given by the right-hand side of (9.34). Note that 

1 G O n P. 
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For 

z' = e U 

e O), the power series expansion of f{z'^ can be obtained explicitly from the right-hand 
side of (9.34) as follows: 

By Propositions 7.12 and 7.20 (and in particular, (7.46)), (3.71) and Remark 7.21, one 
of the equivalent meanings of (9.32) is an absolutely convergent series in the region \C,-^ > 
IC2I > of the form 

EE E EE WMe^^°^^niogCi)'=e^'°^^^(logC2)'e-'°W(Z°(z))*, (9.38) 

s=0 t=0 p,geM. k=0 1=0 

where bs,t,p,q,k,i £ C and Cs G R. By Lemma 7.7, the derivatives of (9.38) are given by the 
absolutely convergent series 

EE E EE^^-^-mI^I^II (e^'-^UlogCi)'=e^^-^niogC2)'e-'°(^)(^°(.))^) 

(9.39) 

for n e N. 

On the other hand, the coefficients of the expansion of ^1(2:0 + ^^2, ^^2-, ^) as a power series 
in 2; — 1 are given by its derivatives at z = 1. By the chain rule, there exist am,i,j,n £ C 
(depending on Z2) such that for any analytic function F{(i,(2,z) of (1,(2, z near (i = zi, 
(2 — Z2 and 2; = 1 (in particular, for F{(i, (2, z) = /i(Ci, C2, z)), 

——F{Z0 + ZZ2,ZZ2,Z) = V am,i,j,n^ — ^F{CiX2:Z) 

(9.40) 

For 2; e O n P, h{zQ + ZZ2-, ZZ2-, z) is equal to the right-hand side of (9.34). But one of the 
meanings of the right-hand side of (9.34) is the absolutely convergent series 

ST K L 

fe.,t,p,.,fe,;e^'°^^^°+^^^niog(^o + zz2)fe^'''^^'^^\logizz2)ye'^''''^'\fiz)y 

s=0 t=0 p,geM. k=0 1=0 

(9.41) 

(see (9.32) and (9.38)). Using (9.39), (9.40) and (9.41), we see that the m-th derivative of 
h{zo + ZZ2, ZZ2, 2;) at 2; = 1 is equal to the absolutely convergent series 



ST K L 

E E E E E ^«.*.p.9,fe,i E 

s=0 t=0 p,qeM k=0 1=0 i+j+n=m, iJ,neN 

(ePiogCi(iogCi)'=e^i°gC2(iog^2ygC.iO(z)(;0(^))A (942) 

V ' Cl=2l , C2=22, 2 = 1 



QCX dCi dz' 



for m e M. (Note that when arg2;i or arg2;2 is 0, 1 is not in the interior of O (1 P and we 
have to calculate the derivatives above using only z & O H P. But the result is the same.) 
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Thus we see that the coefficients of the expansion of h{zo + ZZ2, ZZ2, 2;) as a power series in 

z — 1 are given by (9.42) divided by ml. 

By (9.40) and (9.41), wc see that the coefficients of this power series in z — 1 are also 
equal to the coefficients of the power series in z — 1 obtained from (9.41) by replacing 



by their power series expansions near z = 1. We have shown that the power series obtained 
in this way has the indicated sums of absolutely convergent series as coefficients and is 
absolutely convergent to h{zo + zz2,zz2,z) when z & O (since we chose U and O small 
enough, above). We have succeeded in giving this power scries in 2; — 1 exphcitly. Finally, 
as above, we replace each nonnegative integral power of z — 1 by the corresponding power 
of Ylkez^ obtain the power series expansion of f{z') for z' e U. 

Note that the constant terms of both the power series expansion of 



near z — 1 and the formal power series log(l + x) are 0, and in fact, this expansion of P{z) 
is obtained by substituting 2; — 1 for a; in the formal series log(l + x). (This is of course a 
reflection of the fact that the formal power series notation "log(l + x)" is in effect choosing 
a branch of a multivalued function.) Thus from the explicit expansion procedure obtaining 
the power series in z — 1 above and the precise meaning of the right-hand side of (9.30), we 
see that, as sums of absolutely convergent series, the coefficient of the n-th power of x in the 
formal power series in x given by the right-hand side of (9.30) is exactly the same as (— 1)" 
times the coefficient of the n-th power of 2; — 1 in the power series in 2; — 1 obtained above. 
Thus, if we substitute —{z — 1) for x in the right-hand side of (9.30), we obtain the explicit 
expansion above of the right-hand side of (9.34) as a power series in 2; — 1. 

Because of the explicit calculations and discussions above, when z' e U, the power series 
expansion of f{z') can be obtained using the right-hand side of (9.30) and the following two 
steps: (i) Substitute 1 — G —y + y'^<C[[y]] for x in the right-hand side of (9.30) and (ii) 
substitute z' for y in the resulting series. This power series in z' as the expansion of f{z') 
must be absolutely convergent in the neighborhood U of 2;' = and its sum is equal to the 
single- valued analytic function h{zo + Z2,e^ Z2,e^ ). In particular, for z' & U and z & P, 
this power series in z' — l'^{z) is absolutely convergent to the right-hand side of (9.34). 

Applying the same steps (i) and (ii) above to the left-hand side of (9.28), we also obtain 
a power series S{z') in z'. Since the left-hand side of (9.28) is equal to the right-hand side 
of (9.30) as formal power series in x, we see that the power series expansion of f{z') and 
the power series S{z') are the same. In particular, in the neighborhood U oi z' — 0, S{z') 
is absolutely convergent to f{z'). Since f{z') is equal to the right-hand side of (9.34) when 
z' — /°(2;) G U and z E P, S{z') is absolutely convergent to the right-hand side of (9.34) 
when z' = l^{z) G U and z G P, that is, when z & O H P. (Recall from (9.36) that in case 



e''^°^^'''\\og{zz2)y 
e'^^'°^'\l\z)y 



gPiog(.,+(.-i).,)^l^g(^^ + (z - 1)^2))', 

gglog(.2 + (.-l).2)QQg(^^ + (Z - 1)^2))', 

e^^^°(^+(^-^«(Z°(l + (^-l)))* 



(9.43) 



f{z)^f{l + {z-l)) 
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arg2;i ^ and arg2;2 7^ 0, P = C, so that in this case, S{z'^ is absolutely convergent to the 
right-hand side of (9.34) whenever z' ^ U.) 

By assumption, for ■u;(i) G Wi and W(^2) G W^2, the series 

J2^n\m)®n2)) (9.44) 

converges absolutely to 

/^(?!o(iH.,0/2))'K(,p,«;(3)(^a) ® ^(2))' 

and 

5](e^'^'-(^o)WA(f))(«;(i)®^(,)) 

is absolutely convergent for z' in an open neighborhood of 2;' = independent of 'w;(i) and 
W(2). (Note that the elements An^ for n e M depend on w'^^-^ e and W(^3) e FF3.) 
Let 

Q = {2; e C I < arg ^ < tt}. 

Note that for 2; e Q, 

f{z) =\ogz. 

We will show that the series 

^(e-('"(^))^W.o)«^)A(^))(^(,)0^(2)), (9.45) 

which is absolutely convergent in an open neighborhood of ^ = 1 independent of and 
W(2) and absolutely convergent to 

for -2 = 1, gives a double series of the form XlneR Silo '^".*^~"'°^^(~ ^'-'S-^)* absolutely con- 
vergent to /(log 2;) for 2; in a nonempty open subset of O H P HQ, and since by Proposition 
7.8 M X {0, . . . , N} is a unique expansion set, the coefficients a^^j and related numbers are 
uniquely determined. 
Since 

Ai^)eII((W^i®W^2)*)S\ 

we have 

(recall Remarks 2.21 and 9.5). 

In the case that C is in Msg, {h ° ( Wi ^ h))' {w'^^^)) satisfies the L(0)-semisimple P^'^\zo)- 
grading condition, so that 

Ai^)eII((W^i®W^2)*)S, 
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and we have 

^p(^o)(0)^ = ^P{^o)(0) 

and 

In particular, the proof below will give the desired result, and is in fact simpler, in this case. 

From the P*^^)(2;o)-grading condition, we have, for z in an open neighborhood of 1 inde- 
pendent of e W\ and W(2) G and with independent of and W{2)^ 



n6R 



ngM \ \ j=0 ■ / 

(9.46) 

The derivative with respect to z' — l^iz) of the iterated series (9.46) is 



N 



T.JrrA'-''''''H\T.^-^ (-a)®-(.)) 



dP(z) \ I I ^ i! 



TV 



^(-n)e-«(^"W) ( ( Y: ^r^(^P(.o)(0) - L',a^)sy^'n' ] («.(!) ^(2)) 



J=0 



neR \ \ i=l ^ ' 



nGR 



neR \ \i=0 



^ e 

neR 

TV 



neR 
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= - E(^"^'°^'"^"^^°'^°^^n ^)(^a) ® ^(0)^(2) + (^(0) + ^oL(-l))w^r) ® ^(2)) (9.47) 

neM. 

(recall (5.110)). Since (9.45) is absolutely convergent for z' — l'^{z) in an open neighborhood 

of 2;' = independent of W(^i) G Wi and W(2) € W^2, so is the left-hand side of (9.46). 
Thus the right-hand side of (9.47) and consequently the left-hand side of (9.47) is absolutely 
convergent for z' = l^{z) in the same neighborhood of z' = 0. Since the map /° is univalent 
in a neighborhood oi z = 1, we see that there exists an open neighborhood 11 of z = 1 
independent of u'(i) e Wi and W(2) G W2 such that both sides of (9.46) and of (9.47) are 
absolutely convergent. For later use, we may and do choose IT to be a small open disk 
centered at 1. The same calculation and argument show that all the higher derivatives with 
respect to z' = l'^{z) of the iterated series (9.46) are also absolutely convergent for z ^U. 
Since l^{z) = log 2; for z G Q, we see by Proposition 7.9 that 

n€lR 

is absolutely convergent for 2; e 11 fl Q, for each i — 0, . . . , N. Since n e R, we have 

|g-n(log^)| ^ |g-n{iO(0))| ^ |g-n(«0(2))| 

for z E C^, and since 11 = 11, for 2; e 11, 

J]e-'^('°(^))((L'p(,„)(0)-L'p(,„)(0),)^Af)(^a)®«;(2)) (9.48) 

is absolutely convergent for i = 0, . . . , A*". Thus the double series 

^^e-na»(.))(d!|^((L^^^^^(0)-L^(^^^(^^ (9.49) 

neK 1=0 

is absolutely convergent for ^ e H. Since for any z & , 




((L'p(,„)(0) - L^(,„)(0),)^A(f))(«;(i) ® ^(2)) 



can be written as a series of the form of ^„gR OnC^"'^^"^^-', by Lemma 7.7 the sums of (9.48) 
give analytic functions of 2; e H for i = 0, . . . , A?". Thus the sum of (9.46), or equivalently, 
the sum of (9.49), gives an analytic function of 2; e 11. Using (9.47) repeatedly, we see that 
for /c e N, the k-th derivative with respective to z' — l'^{z) of this analytic function is given 
by the absolutely convergent series 

i~^rY.iiLW^o)m'e-^''^'^^'^^^^^^^^ (9.50) 
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for 2; e n, and its k-th derivative with respect to z' at z' — or equivalently at z = 1 is 
given by the absolutely convergent series 

(-1)' E((^P(.o)(0))'^i'^)K) ® ^m)- (9-51) 

neIR 

Since 

is weakly absolutely convergent to 

(2) 

^(/lo(lWi<X)-f2))'{«';4)),t«(3)' 

using (9.27) we have, starting as in (9.28), 

((1 - ^)"'''<-»''°Vg.(l„,»,,),.(„j^,),„,„)(™(l) » l"(2)) 

nGR 

= 5]((1 - a:)-^-(^o)(°)Ai2))(«;(i) ® «;(2)), (9.52) 



where the absolute convergence holds for the coefficient of each power of x in the formal 
power series in x in (9.52). We also have 

(1_^)-^p(.o)(0)A(2) 

^ g-log(l-x)L^(^^) (0)^(2) 

^ g- log(l-x)(Li,(^^ J (o)-L'^^^^ J (0),) log(l-a:)L'^(^^) (0). ^(2) 



-nlog(l— 



i=0 



where X„ e N; cf. (9.15). Prom (9.52) and (9.53), we obtain 

((1 - a;)-^'-(^o)W;,g^^^^^^^^)^,(^,^^^_^^^^)(«;(,) ® «;(2)) 
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J]((l-x)-^-(^o)(°)A(f))(«;(i)®^(2)) 



neM i=0 

(9.54) 

with absolute convergence for each power of x, as in (9.52). 

Recall that we have proved that if we substitute 1 — for x in the left-hand side of 
(9.28), which is the same as the left-hand side of (9.54), and then substitute l'^{z) for y, we 
obtain an absolutely convergent power series S(l'^{z)) in P{z) for z E O, and for z E O Cl Q, 
so that l^{z) = log 2;, the sum of this series 5'(log2;) is equal to /(log 2;), that is, if we also 
use S'(log2;) to denote its sum, then 

5(log^)=/(log^) 

(recall (9.35)). Moreover, for 

z eOnPnQ, 

this is also equal to the right-hand side of (9.34) (recall (9.37)). 

The same substitution steps in the right-hand side of (9.54) give the same absolutely 
convergent series S{P{z)). Substituting 1 — for x in (9.54) and using Remark 9.7, we 
obtain 



= 5](e--^'-(^o)WAi^))(^(,)®^(,)) 



neM 

N 



neM i=0 

where the absolute convergence holds for the coefficient of each power of y in the formal 
power series in y in (9.55). Thus S{f{z)) is equal to the series obtained by substituting 
l^{z) for y in (9.55). In particular, for A; G N, the k-th derivative with respect to l^{z) of 
S{f{z)) at l^{z) = (or equivalently at 2; = 1) is equal to the constant term of the k-th 
derivative with respect to y of (9.55), and this is equal to (9.51). We know that S{l^{z)) 
is an absolutely convergent power series in /^(z) for z & O. In particular, for k & N, the 
sum of the k-th derivative at f{z) = of the series S{f{z)) is equal to the A;-th derivative 
at l^{z) = of the analytic function given by the sum of S{P{z)). Since for k E N, the 
A;-th derivative at l^{z) = of the analytic function given by the sum of (9.46) and the A;-th 
derivative at l^{z) = of the analytic function given by the sum of S{l^{z)) are equal, these 
two analytic functions must be equal on an open neighborhood F of z = 1 in the intersection 
of their domains. Clearly we can choose F to be independent of u»(i) e Wi and ^(2) G W2. 
Then for 

^eOnPngnnnF, 
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^^-nlog. ^P^((^^(.e)(0) - n)U(f))Ki) ^ ^(2))) (9.56) 



. j=0 



is absolutely convergent to the right-hand side of (9.34) and in fact, we have proved that the 
corresponding double series, namely, 

E E e-"i°^^^^P^((L^(,„)(0) - n)U(f))(^(i) ® «;(,)), (9.57) 

neIR 1=0 

is also absolutely convergent to the right-hand side of (9.34). 

But using (9.24)-(9.26) and Definition 7.1, and recalling Remark 9.11, we obtain, when 

\Zo + ZZ2\ > \ZZ2\ > 0, 

^g-(iog.)L'(o)^/^^^ (/f o {Iw, (8) Il)){w^i) (8) w^2) ^ e(^°s.)^W«;(3))) 

= ((7f o (W, ® /|))'(e-('°^^)^'W«;'(4)))(^/;(i) ® ® e('°^^)^(°)«;(3)) 

= (/^(7fo(l^^®7|))'(e-(i°^^)^'(0)^^,p,ea°^^)M0)^(3))(^(l) ® ^(2)), (9-58) 

and for 

z e OnPnQnunr, 

the left-hand side equals (9.34). Thus for 

z eOnPnQnunr 

such that \zo + ZZ2\ > \zz2\, 

(^) 

(^(7fo(l^^®/|))'(e-(l°g-)i'(0)«;'(4)),e(l°g-)i'(0)«;(3))(^(l) ® ^(2)) 

Since O, P, Q, U and F are all independent of G VTi and ■U7(2) G l'V^2! (9.59) holds for 
z G OnPnQnnnr such that \zo + ZZ2\ > \zz2\ and for all G VTi and 'u;(2) G W2. 
Thus for2;GOnPn(5nnnr such that \zo + 2;2;2 1 > \zz2 \ , we have 

(2) 

^(/fo(lvv.j(gi/|))'(e-(log^)i'(0)«;^^j),e(log^)i(0)«)(3) 

where the right-hand side is understood as the sum of the weakly absolutely convergent 
(double) series denoted by the same notation (recall Remark 7.24). 

Now and /| are P{zo + ZZ2)- and P(^^2)-intertwining maps, and when 

1^0 + ZZ2\ > \ZZ2\ > 0, 
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/^o(l^^(g)7|) is a P{zo+zz2, 2;2;2)-intertwining map, by Proposition 8.5. Thus by Proposition 
8.17, 

{I^ o {Iw, ® /2"))'(e-('°s^)^'(°)w'(4)) e {W, W^y (9.61) 
satisfies the P{zo + ZZ2, 2:2:2 )-compatibihty condition, and 

[zq + 2; 2^2) — 2; 2^2 = Zq. 

Then by Lemma 9.3, when 

\zo + 2:2:21 > 12:2:2! > \zo\ > 0, 
for V & V the coefficients of the monomiais in x and xi in 

^,Jx-'-Zo\ , , , (2) 



x-i J \ v-'i^^.^wi^vJa;; ^ = ' ' ' "'(4) 

are absolutely convergent and we have 

-1 



(9.62) 



As we previewed in (9.26), let i? be a sufficiently small open neighborhood of 2; = 1 such 
that 

\zq + 2:2:21 > 12:2:2! > !2:o! > (9.63) 

for z E R. Then for 

z eOnPnQnunrnR, 

(9.62) holds. Prom (9.60) and (9.62), we obtain 
^P{zo) {xi^S ( J Yt{v, x)^ 

(9.64) 

for 

^eOnPnQnnnrni?, 
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a set that is independent of W(^i) and W(^2), and as in (9.62), the meaning of the right-hand side 
is that the coefficient of each monomial in x and Xi is the sum of an absolutely convergent 
series, each term of which now involves the weakly absolutely convergent double sum over 
n e M and i = 0, . . . , AT. 

We shall need to bring the double sums over n and i to the outside, on both sides of 
(9.64). 

First we do this for the left-hand side of (9.64). Using the definition (5.86) of Tp(^„) and 
the definition (2.57) of the opposite vertex operator Y°, we can write the definition of Tp(^zo) 
more explicitly as 

(^rp^zo) ^^ )Ytiv, j;)) (w^i) ® ^(2)) 

+x^'S (^ ^^2^ A(w(i) Y2{e^''^'\-x-^f^'>^v,x-')w^2)) (9.65) 

for V e V, e Wi, W{2) e W2 and A e {Wi ® W2)* ■ In particular, the left-hand side of 
(9.62) is equal to 



X ^ — Xi 



+x];^5 



Zq- X ^ 
-Xi 



(9.66) 

For 

^eOnPngnnnrni?, 

by (9.60), the coefficients of the monomials in x and xi in 



N 



and 



n log z V ^'^to -/ 

•((^W^o)(0) ^^(2)) (9.67) 

log^)' 



neM. 1=0 



•((^P(.o)(0) ® ^2(e-^W(-^-')'^^°^^,^-')^(2)) 

(9.68) 
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are absolutely convergent to the corresponding coefficients of the monomials in x and Xi in 
and 

respectively. Then, as finite linear combinations of the coefficients of the monomials in x 
and xi in (9.67) and (9.68), the coefficients of the monomials in x and xi in 

•((^W.0)(0)-^)^^i'^)m(e^^^'n-O^^°^^,^l)^(l)®^(2)) 

N 



Xi I \'- — ' — ' i\ 



■((L'p(,„)(0) -n)'Ai2))(^(,) ® F2(e^^«(-^-')^^°^^,^-^)«^(2)) 



(9.69) 



are absolutely convergent to the corresponding coefficients of the monomials in x and X\ in 
(9.66). 
Now for 

^GOnPngnnnrni?, 

we consider the coefficients of the monomials in x and X\ in 



EE 



^ ' log z) 



g— n log z ' 



neK 1=0 



rp(.o)(xr^(5(^^)F,(^,x))((L^(,„)(0) -n)^Ai^))(«;(i) ®^(2)) 

nGR i=0 ^' V ^0 / 

•((^P(.0)(0) -^)^^l'^)(^l(e^^^'n-^-')"^°^^,^l)^(l) ®«^(2)) 

neM 1=0 ^' \ ^1 / 

•((^P(.o)(0)-^)'^i'^)K)®^2(e-^W(-^-')''^°^^,^-')^(2)), 

(9.70) 
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where we have used (9.65). The coefficient of each monomial in x and Xi in the right-hand 
side of (9.70) is the sum over n and i of the sum of the corresponding monomial in x and Xi 
in 

•((^P(.o)(0) -^)^A(^^)(n(e^^^'n-^-')^^°^^,^i)«^(i) ®^(2)) (9.71) 



and in 



Zq-X ^ 



-Xi 

•((i^P(^o)(0)-^)^Ai'^)Ki)®^2(e^^«(-x-^)^(°)^;,0^(2)). (9.72) 

Thus since finite linear combinations of the coefficients of the monomials in x and Xi in 
(9.67) and (9.68) are absolutely convergent, the coefficients of the monomials in x and xi 
in the right-hand side of (9.70) are also absolutely convergent. Moreover, these (absolutely 
convergent) coefficients are equal to the (absolutely convergent) coefficients of the monomials 
in x and xi in (9.69). Thus by (9.70), for 

zeOnPnQnnnrni?, 

the coefficient of each monomial in x and Xi in 



EE 



^ ' log zy 



neR i=0 

,-1 



(9.73) 



is an absolutely convergent (double) series and converges to the coefficient of the correspond- 
ing monomial in x and Xi in the left-hand side of (9.62) (or of (9.64)). 

Now we need to bring the double sum over n and i on the right-hand side of (9.64) to 
the outside, and in the process, we shall need to increase N and restrict the range of z. 

Taking Res^^ in (9.73) and using (5.21), we see that the coefficient of each monomial in 
X in 

^^^-niog.^^pLy;^^^^(^,^)((L'^^^^^(0)-n)U(^))(^(,)®^(2)) (9.74) 

neM i=0 

is an absolutely convergent series and that it converges to the coefficient of the corresponding 
monomial in x in the result of applying ReSa;^ to the left-hand side of (9.62) (or of (9.64)), 
namely, 

^neM i=0 ■ ^ ^ 
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(recall (9.60)). 

By (9.1), with the continuing assumption on we thus have 



+Res^-.xS(^^^^-^) {{II o (1^, 7|))'(e-(^°^^)^'W^.;4)))(«;(i) ® w^,) 
(g,y3(e-i(i)(-a:-2)^(o)y,Xo^)e(^°s^)-^(o)^^g^) 

+Res,-.x5(^^^±^) ((/f o (W^ ® 7|))'(e-0°^^)^'W^;,)))(«;(,) ® 

^y3(e-i(i)(-a:-2)^(o)^;,a;oi)e(^°s^)^(°)w(3)) 

/ (2) 

= (^P(^0)(^'^)/^(/jo(lvKi®/|))'(e-(i°g-)^'(0)«;'(4p,e(i°f5-)^(0)«;(3))(^(l) ® "^(2)) 

+Res,^-.x5(^^^±^) ((7f o (W, ® 7|))'(e-('°^^)^'W^;4)))(^.(i) «;(2) 
^y3(e-^(i)(_x-')^(°)t;,a:oi)e(i°s^)^(°)«;(3)) 
= Res,-. (^rp(.„+..,,.,) (x<5(^^^)y,((-x^)^W 

•((/f o (W, ^ /|))'(e-^'°^^)^'^°)^/;;4)))) (^^(1) ^ ^^(2) ^ e(^°^^)^(°)^/;(3)), 

(9.76) 

where the equalities include the information that the coefficient of each monomial in each 
expression involving a double sum is absolutely convergent. 

Recall from the P'^2)(zo)-grading condition that the elements An^ for n G M depend on 
^(3) (and on w'^^-^) and that the sets 11 and F cannot be assumed independent of w^s), nor can 

(2) (2) 

our integer N eN. Since we now need to use An , n G M, for different 1^(3), we denote An by 

(2) 

An [w(3)] for n G M and we denote H, T and N by n[tt;(3)], r[tt;(3)] and A^[tt;(3)], respectively. 
Then with these notations, the convergence properties and formulas that we have proved 
hold for all ^(3) G W3. 

In order to handle the second term in the left-hand side of (9.76), we shall need to consider 
the following application of a certain conjugated operator to W(3), and to treat this element 
as an analogue of ^(3): 

X ^ g-(log.)L(0)y^(g.L(l)(_^-2)L(0)^^^-l)g(log.)L(0)^^^^ 

= F3(e-(^°S^)^(0)gXL(l)(_^-2)L(0)^^g-log.^-l)^^^^^ ^g_77) 

where we obtain the second expression by using the conjugation formula (3.86). Since 
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qxL{i)^_^ 2-jL(o)^ g Y^x,x ^] and Ys{u,y)w(^s) £ W^3((y)) for u e y and y a formal vari- 
able, the right-hand side of (9.77) is of the form 



M S 



1<L m=-M s=-S 

for certain integers L, M > and S >Q and certain (determined) elements w^f^ e W3. That 



IS, 

M 5 



^ = E E E 



i<L ■m=-M s=-S 

With this notation, for 2; G (recall (9.63) and (9.58)), the second term in the left-hand 
side of (9.76) equals 

Res,,.xc5( -"y^"°" )z, (9.78) 

where 

Z = (7f o (V^ (8) 7|))'(e-('°s^)^'(°)«;;4)))(«;(i) w^^) ® e^i"^^)^^")^). (9.79) 
The coefficient of x^qX^ in (9.79) is the precisely determined expression 

{II o (W^ ® 7|))'(e-(i°s^)^'W«;;4))) (8) «;(2) (g) e(i°s-)^W [ J] ^^+'«;^ 



s 



= ° (Wi ® ^l))'(e"^'°^'^'''^°^w;4)))(w;(i) ® w;(2) ® e(^°s^)^(°)«;f 0, 



s=-5 



which by (9.58) equals 



s 



s=— /S 

(with 2; e i?, as we have assumed above). In particular, 

M , S X 

^^E E ( E ^'^'(^(7lo(w®/|))'(e-(iogz)i'(0)^' J,e(iog.)M0)^i.-)(^(l)<^^^^^ 

i<L m=-M ^s=-S ^ ' ^ 

(9.81) 

Now the residue (9.78) involves only finitely many powers of Xq in (9.81), and in particular, 
the coefficient of each monomial in x in (9.78) is a finite linear combination of expressions 
of the form (9.80), involving only finitely many /, independently of the power of x in (9.78). 
We apply our results above to the corresponding finite family of elements Wg'"' that arise in 
this way, and we use An^'fw^''"], 11 [w^'"*], Ffw^''"] and N\vJ-f^\ as defined above. Let 

TV = max{Ar[w^''"]}, 
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f = f|(rK'-]), 

and let ^ ^ 

z eOnPnQnunrnR. (9.82) 

Then by (9.60), 

,(2) 

,C1 ... ^ f^^^/l'^-floK z)L'(0)o^l^^^-^ 



^^^-niog.LJ2g^((L'^^^^^(0) -n)'Ai^)K'™]), (9.83) 



where the right-hand side is understood as the sum of a weakly absolutely convergent double 
series. For n e R, form the formal Laurent series 



M 



A^:\xo,x-z) = E E E ^^^'^i'^K'™] 4^"^- (9-84) 



1<L m=-M \s=-S 

Then the coefficient of each power of x in the second term in the left-hand side of (9.76) 
equals its coefficient in 

1-1 MS 

= R-.,.x.(=^^) E E E-'"- 

1<L m=-M s=-S 

N , 



neM i=0 ■ / 

. ^ e-'^^°^^^^p^((L^(,„)(0) - n)'Ai^)(xo, x; z)){w^,^ ® w^,)) 

neM. i=0 

- EE^-"'-'^^t^-.-<=^) ■ 

•((^p(^o)(0) - nTA^n\^o, x; z)){w^^) ® ^p)), (9.85) 

where we have double absolute convergence; recall that N and the range (9.82) of z are 
independent of the power of x. 
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In order to reach our goal of bringing the double sum over n and i to the outside on 
the right-hand side of (9.64), we need to multiply (9.74), (9.75) and the other expressions in 
(9.76) by 

.r^<^); (9.86) 

in particular, we need to show that we can do this for each of the expressions. 

First we do this for the expressions in (9.85), which are equal to the second term in the 
left-hand side of (9.76). Since \zz2\ > \zo\, by Lemma 8.1, formula (8.7), 



is a formal Laurent series in x, Xi and xq each of whose coefficients is an absolutely convergent 
series of the form X^j^pjOj (% G C). Thus for 

z eOnPnQnunfnR, 

the coefficient of each monomial in x and xi in 

'X-l -Z0\ V-^„_„W^(-l0gz)^^_ ^^/-ZZ2+Xo^ 



■iiL'p^zo)(^)-nyA^^\xo,x;z)){w(^i)0W(2)) 

neR i=0 

EE'^""'°" '"'°f"'' ((-^f(«)(°) - «)'Ai?(^-o, ^-i » '"(2)) 



, neM i=0 



(9.88) 



is a finite linear combination of products of pairs of absolutely convergent series and hence 
is a finite linear combination of absolutely convergent triple series (over j e N, n e R and 
i = 0, . . . , TV). In particular, the second term in the left-hand side of (9.76) can be multiplied 
by (9.86), in the sense of absolute convergence, and moreover, for 

;2eOnPnQnnnfni?, 
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the coefficient of eacfi monomial in x and Xi in 

-nlosz (-log^)' 



EE 



N 

e" 



■Res^-.x-,H[^^^^^)x5[^^^^ 

(9.89) 

is absolutely convergent to the coefficient of the corresponding monomial in (9.88). 

We now re-express (9.88) and (9.89) by using the explicit dependence of (9.84) on z. 
Since the coefficient of each power of xq in (9.84) is a finite sum, we have 

x-,'5[^^^^)x5[^^^^^^^ 



xi y \ x~^ 

M S 



E E E ^^^'((^p(^o)(o) - nyx^:\w'r]){w^i) ® ^(2)) 

1<L m=-M s=-S 

^ S ^ _i ^ ^ 1-1, 

'X — Zo\ .[-ZZ2 + Xq 



XqX 



= E E E -'"'-r'<^)-<=^^) • 

1<L m=-M s=-S ^ 

Thus for ^ ^ 

^eOnPngnnnrni?, 

the coefficient of each monomial in x and xi in (9.89), written as 

N 



EE-'-" 



logz_ 



log 2;)' 



neM. 1=0 



MS _i , -1 

C E 

KL m=-M s=-S 



R-.,-E E E ^'"-r'<^)x*(^^^^ 

1<L m=-M s=-S 

M S 

EEE E E 



(n-s-l)\ogz \ ^Og^J 



e 

neM i=0 1<L m=-M s=-S 

X~^ - Zo\ ^f-ZZ2+XQ^ 



•Res,-ix/5(^^-^)a;5( 
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1=0 1<L m=-M s=-S 



neR i=0 ^' 



,Xi / \ X ^ 

M S 

1<L m=-M s=-S 

(9.90) 

is absolutely convergent to the coefficient of the corresponding monomial in (9.88), written 
as 

Xi / \ x-^ 
^ '—log 2;)' 



neM 1=0 



M S 

I 



• E E E ^^^'((^P(^o)(0) - ^)^A(2)K'™])(^(i) ® ^(2))a;^a; 

Z<L m=-Ms=-5 



ll 

neM i=0 

M 5 



• E E E ((^P(.o)(0) - + « + 0)^Ai^|,^,[^.^'-])(«;(i) ® w^,))x^,x-. 

1<L m=-M s=-S 

(9.91) 

Moreover, recall that (9.88), and hence (9.91), is equal to the product, in the sense of absolute 
convergence, of (9.86) and the second term in the left-hand side of (9.76). 

Next we show that we can multiply the right-hand side of (9.76) by (9.86), by using the 
P{zo + ZZ2, ^^2)-compatibility condition. Since the expression (9.61) satisfies this condition, 
we have 
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and taking ReSj;^ and using Remark 8.18 (and in particular, (8.50)), and then applying 
Res^-i, we obtain 

.{{II o ( ® /|))'(e-(^°^^)^'(°)^/;'(4)))) (^(1) ® ^(2) ® e(i°^^)^W^/;(3)) 

= Res,,.x<5(^^^) (r;(,„^..,,.,)((-x^)^(°)e---(^)e^-(^)(-x-)-(%,a;o) • 

■{{r, o (1^.^ ® /|))'(e-(^°^^)^'(°)w'(4)))) Ki) ® ^(2) ® e(^°^^)^(°V(3)) 
= Res,,.xo<5(:^-±^) (y;(.„^..,,.,)((-xg)^(°)e--^(%^^(^)(-x-)^(%,xo) • 

•((/^ o (W^ ^ /|))'(e-('°^^)^'(°)^/;'(4)))) (^^(1) ® ^^(2) ® e(i°s^)^(°)«;(3)). 

(9.92) 

The right-hand side of (9.92) and thus the left-hand side, which is the right-hand side of 
(9.76), involves only finitely many negative powers of x. In particular, the sum of the two 
terms on the left-hand side of (9.76) involves only finitely many negative powers of x and 
hence lies in a;'^''C[[x]] for some mo G Z, so that the coefficients of x™' for m < mo in the 
left-hand side of (9.76) cancel. Moreover, we can multiply the right-hand side of (9.76) by 
(9.86), to obtain 

■{{I^ o (W, ® /|))'(e-(^°^^)^'('^)^/;;4)))) (^(1) ® w^2) ® e(^°^^)^W^/;(3)). 

(9.93) 

The first term in the left-hand side of (9.76) is equal to 

neM 1=0 
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where 

9nA^) = ^i.(.o)(^' ^)((^P(^o)(0) - ^)'Ai'^K3)])Ki) ® ^(2)) (9.94) 
for n e R and i — . . . ,N , where we have double absolute convergence for 



z 



e o n p n Q n n[w(3)] n r[w(3)] n R. 



By (9.84) and (9.85), which we rewrite as in (9.91), the second term in the left-hand side of 
(9.76) is equal to 

neR i=0 

where 



K,i{x) = Res^-ix5(^^^^^^) • 

M .9 

■E E E((^P(^o)(O)-(^ + ^ + OrAi^i.+;K'-])(^(i)0^(2))x[,a:- 

i<L m=-M s=-S 

(9.96) 

for n e R and i = 0, . . . , A?^; here we have double absolute convergence for 

^eOnPnQnffnrni?. 

For N < i < max(A^, TV), set gn,i{x) = and for TV < i < max(Ar, TV), set hn,i{x) = 0. 

Let 

for n e M and i = 0, . . . , max(A^, N). Then the left-hand side of (9.76) is equal to 

max(Af,JV) • 

E E e-"^-^^^/.,(x), (9.97) 
with double absolute convergence for each power of x for 

zeOr\Pr\Qr\ n[w(3)] n n n r[w(3)] n f n p. 

That is, for each m e Z, 

^ ^ e-niog. (zl^Res^x— Vn,i(^) (9.98) 

neM 1=0 

is absolutely convergent for z in this set. 
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Recall that the left-hand side of (9.76) in fact hes in ^'"^Cffx]]. Thus for m < mo, 

for 

z eOnPnQn u.[w(3)] n n n r[w^s)] n r n i?. 

Since by Proposition 7.8 M x {0, . . . , max(iV, N)} is a unique expansion set, 

Res,x-"^-V„,,(x) = 
for m < mo, n G M and i = 0, . . . , ma.x{N, N), and so 

fn,i{x) e x-°C[[x]] 
for n G M and i = 0, . . . , max(iV, N). Thus for 

z eOnPnQn u[w^3)] nun r[w(^3)] nfnR, 

max{N,N) r A \i -1 

E E e-"--t^xr^5(^^)/n.(x) (9.99) 

is a formal Laurent series in x and Xi whose coefficients, as finite linear combinations of the 
coefficients of powers of x in (9.97), are equal to the corresponding (absolutely convergent) 
coefficients in 

^ neM 1=0 

This expression equals the product of (9.86) and the left-hand side of (9.76), and hence (9.99) 

is absolutely convergent to (9.93). 

Moreover, from (9.88)-(9.91), (9.97) and (9.98), for 

^GOnPngnffnrni?, 

the coefficient of each monomial in x and xi in 

Xi ) 



neK i=0 ^ 

max(Ar,JV) • _^ 



neM 1=0 
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is absolutely convergent to the corresponding coefficient in 



^ neM i=Q 

_1 max(iV,7V) . 



nelR «=0 

Assume that ^ ^ 

zGOnPnQn ii[w^3-j] n n n r[w(3)] n r n i?. 

We are now ready to bring the double sum over n and i in the right-hand side of (9.64) to 



the outside. This right-hand side equals 



Xi 



^neR i=0 ■ ^ ^ 

(9.100) 

we recall that the coefficient of each monomial in x and Xi in (9.100) is the sum of an 
absolutely convergent series, each term of which involves the weakly absolutely convergent 
double sum over n and i. Using the absolute convergence of the coefficients in (9.74) to those 
in (9.75), we rewrite (9.100) as 

-r'<^) EE«-"'°-^P^«-w- ("01) 

neIR 1=0 

What we need to show is that the coefficient of each monomial in x and xi in 

N 



EE»- 



aoK. (-log^)' 



neK i=0 



N / T \i -1 

= EE«-"""'^f^-r'<^V^)9«,.(-) (9.102) 



neR i=0 " Xi 



is absolutely convergent and that it converges to the corresponding (absolutely convergent) 
coefficient in (9.101). We have: 
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neR i=0 

max(Af,Af) / i \j -1 

-E E ^-»'-'^^rM(^)/„,.w 

max(JV,JV) / 1 \i -1 

and the coefficient of each monomial in x and Xi is absolutely convergent to the corresponding 
coefficient in 



_l max{N,N) ■ 

^ nSM 1=0 

_^ max(Ar,JV) ^ 



-'^ neK i=0 

■^-"^ neK j=0 

- -nlogJ-log^)^ / N 



neM. 1=0 



as desired. (Note that in particular, the coefficient of each monomial in the inner expression 

gn,i{x) in (9.102) is absolutely convergent, since it is essentially a sub-sum of 

the relevant absolutely convergent series.) 

We have succeeded in bringing the double sums on both sides of (9.64) to the outside: 

For 

z e o np nQ n n[w(3)] n n n r[w(3)] nfnR, 



EE 



^ /IN 

logz) 



g-nlog2^ 



neM i=0 

-1 



Xi 

N 

e 



rp^,,) (xr^5(^— ^)r,(^, x)) ((L^(,„)(0) - nyX^:^M ) («;(!) ® ^(2)) 

AT 

= EE' 



neM 1=0 



•^r'5(^^^) ( >^;(.o)(^>^)((^P(^o)(0) - nyX^^^w^s)]) ) (^(1) ® «;(2)), (9.103) 
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where the coefficients of the monomials in x and Xi in the double sums on both sides of 
(9.103) are absolutely convergent and are equal. 

Now we are able to apply Proposition 7.8. Since R x {0, . . . , N} is a unique expansion set, 
we conclude that the expansion coefficients of the double sums on the left- and right-hand 
sides of (9.103) are equal. In particular, taking i = 0, we obtain 



for each n G M, and so we have proved that each An = An [^(3)] satisfies Part (b) of the 
P(zo)-compatibility condition. 
This completes the proof. □ 

Remark 9.18 Here we relate the proof of Theorem 9.17 to the corresponding analysis for 
the special case treated in [H]. The proof above of Part (b) of the P(;2o)-compatibility 
condition is a generalization of the proof of (14.51) in [H]. In the proof of (14.51) in [H], for 
a series of the form 



where D is a strictly increasing sequence in M, in order to determine the coefficients a„ G C 
uniquely from the sum of the series, the series is required to be absolutely convergent in an 
open set of the form < \z''^\ < r because Lemma 14.5 in [H] was proved in [H] only for 
such a series. (Here the first author would like to correct some minor mistakes in [H]: First, 
in the P(2;2)-local grading-restriction condition (respectively, in the P{zi — 2;2)-local grading- 
restriction condition) in [H], we should require that the series depending on z' obtained 
by applying '^■^'(^2)*'°^ (respectively, '^■f't^i^^a)*-'^^) to each term of the weakly absolutely 
convergent series of P(2;2)-weight vectors in {W2 ® W^)* (respectively, in (Wi ® W2)*) be 
weakly absolutely convergent for z' in a neighborhood oi z' — This is implicitly used in 
the proof of (14.51) in [H] and follows easily from the convergence and extension property 
in [H]. But it is not clear to the first author whether this can be proved by assuming the 
P(2;2)-local grading-restriction condition or the P{zi — 2;2)-local grading-restriction condition 
in [H] for all Zi and Z2 satisfying \zi\ > \z2\ > \z\ — Z2\ > 0. Second, in the proof of (14.51) 
in [H], the domain 



should be replaced by the intersection of 





(9.104) 



< \z 



-1 



<e (>i) 
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and 

\zo + ZZ2\ > \zz2\ > 0; 

since the expansion (14.48) and consequently the series in (14.49) is of the form (9.104) 
rather than X^^gDOn-^"', the correct domain is 

0<\z-'\<^. 

I^ol 

The reason why the right-hand side of (14.48) is absolutely convergent in this domain and 
not just in its intersection with 

1^0 + ^^2] > \ZZ2\ > 

is that when D is a strictly increasing sequence in R, the absolute convergence of (9.104) at 
one particular z such that 

\z-^\ = r 7^ 

implies that it is also absolutely convergent at any z satisfying 

< \z-^\ < r.) 

However, in our proof of Theorem 9.17 above, because M x (0, . . . , N} is a unique expansion 
set, the double absolute convergence of 

N 

Y^an^iZ-'' {-log zY 

neM i=0 

for z in any nonempty open subset of C^, not necessarily containing an open subset of the 
form < \z~^\ < r, implies that the coefficients an,i are uniquely determined by the sum of 
the series; here we do not need the absolute convergence of the series for z~^ near 0. But 
our convergence-condition assumption gives only the absolute convergence of iterated series 
of the form 

/ N 

J2[j2^r.,iZ-n-^Ogzy 

neR \i=0 

in a nonempty open set, and we had to prove the absolute convergence of the corresponding 
double series 

N 

5^5^an,i^""(-log^)^ 

in the same open set using Proposition 7.9 (or Corollary 7.10). This proof of the absolute 
convergence of these double series is one of the hard parts of the proof of Theorem 9.17, 
and this was not needed in the proof of (14.51) in [H] because there we have no finite sum 
over powers of log 2;. Another hard part of the proof above is to show that (9.64) implies 
that each An satisfies the P(^o)-compatibility condition. This part of the proof amounts to 
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a proof that certain triple series are absolutely convergent, so that suitable iterated sums 
exist and are equal. (In fact, this part of the proof was also needed in the proof of (14.51) 
in [H] (with double rather than triple sums, since there are no finite sums over powers of 
log 2;) but was not given there. The last part of the proof of Theorem 9.17 above gives this 
missing detail, in our present much more general case.) Also, even in the case considered in 
[H], the proof of Theorem 9.17 above establishes a stronger statement than (14.51) in [H]: 
For each n e R, A^^^ satisfies the P(zo)-compatibility condition even if (Ji o (1^^^ ^ 12))' {w'^^^^) 
is not assumed to satisfy Part (b) of the P(2;o)-local grading restriction condition. Finally, 
we comment that the proof above certainly also proves (14.51) in [H] as a special case. 

Remcirk 9.19 We now use the part of the proof of Theorem 9.17 from (9.46) to (9.51) to 

(2) 

prove the part of Proposition 9.8 on the uniqueness of the elements A™ , n G M, with the 
properties indicated in Part (a) of the P^^\z)-local grading restriction condition; the other 
three cases are handled the same way. Using the proof from (9.46) to (9.51) with zq and 
—I'^iz) replaced by z and z', respectively, we have that the sum of 



^(e^'^W.)WA(^))(«;(,)® «;(,)) 



ngR 

N 



is an analytic function of z' for z' in an open neighborhood of 0, that its k-th derivative with 
respect to z' at ^ = is the sum of the absolutely convergent series 

and that the iterated sum on the right-hand side of (9.105) equals the corresponding double 
sum, absolutely convergent in a suitably small neighborhood oi z' = independent of 
and ^(2). Using (5.110) repeatedly and then using (iii) of Part (a) of the P*^^^ (2;)-local grading 
restriction condition, we see that (9.106) is equal to 



i=0 ^ ^ hGR 

= E ( •)/^2i(3)((^(0) + zL{-l)r-^w^,) ® ^(0)>2)). (9.107) 

Since the right-hand side of (9.107) is independent of \n\ n e R, the analytic function 

obtained from the double sum corresponding to (9.105) is also independent of Xn \ n e R, 

that is, if the formal series X^neR '^"^ ^ ^neR ^ both satisfy Part (a) of the P^^^ (2;)-local 
grading restriction condition, then 

J](e^'^i'(^)(°)Ai^))(^(,)®«;(2)) 

neR 
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and 

are analytic functions equal to each other in a suitably small open neighborhood of z' = 0. 
Thus in this neighborhood, 

^ ( 'V 

neM i=0 

= 0, (9.108) 
and so by Proposition 7.8, R x {0, . . . , N} being a unique expansion set, we have 

HL'pi^O) - ^'p(.)(0).)^(A(^) - A(2)))(«;(i) ® ^(2)) = 
for n e R and i — 0, . . . , N. In particular (for i — 0), 

A(2) _ A(2) = 

for n e R, proving the uniqueness. 

We will be invoking the uniqueness (Proposition 9.8) and the bilinearity (Corollary 9.9) 
of the elements An ^ and An ^ below. 

We now relate Proposition 9.13 and Theorem 9.17 to Sp(z) and ^p(^z) ^oi suitable z G C^; 
recall Definitions 5.31 and 4.15. We will sometimes use Definition 9.14 and Remark 9.15. 
First we relate Proposition 9.13 to Sp(z), and this will serve as motivation for Corollary 9.21, 
in which we relate Theorem 9.17 to Sp(z)- 

Remark 9.20 Assume that C is closed under images. In the setting and under all the 
assumptions of Proposition 9.13, we have (according to this result): If A = (Ji o (1^^ (g) 
/2))'(w[4)) (respectively A = (/^ o {P ® lwjyiw[,^)), then W^^l^^^ (respectively, W^^J is 
a generalized V^-submodule of an object of C included in (W2 ® W3)* (respectively, included 
in {Wi ® W2)*), and in particular, for each n e R the P (2:2) -generalized weight vector An^ 
(respectively, the P(2;o) -generalized weight vector An^), which generates a generalized V- 
submodule of W'l^^^^^ (respectively, of W^l^^^^), also generates a generahzed F-submodule of 

an object of C included in (1^2 ® W^)* (respectively, {Wi (g) W2)*). Hence by Proposition 
5.36, 

A« e W2Spiz,)W^ 

and 

Ai^) G W^Rp^zo)W2 

for each n G R. 
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Invoking the last assertion of Proposition 5.36, we have the following corollary of Theorem 
9.17: 

Corollary 9.21 Assume that the convergence condition for intertwining maps in C holds 
and that 

\Zi\ > \Z2\ > \zo\ > 0. 

Let Wi, W2, Ws, W4, Ml and M2 be objects of C and let h, h, and P he P{zi)-, 
P{z2)-, P{z2)- and P{zo) -intertwining maps of types (^f^J, {w^w^^ (aWs) ""'^ {w^^wX 
respectively. Let w^^^ e W^. 

1. Suppose that 

A = (Ji o {Iw, ® h))'{w[^)) 

satisfies the (full) P^'^\zq) -local grading restriction condition (or the L(0)-semisim,ple 
P^'^^Zq) -local grading restriction condition when C is in M.sg)- For any W{^) € W^, let 
^^gjgAn^ he the (unique) series weakly absolutely convergent to 

as indicated in the P^'^\zq)- grading condition (or the L{f))-semisimple P^'^\zq)- grading 
condition). If for each n G M the generalized V -suhmodule of the generalized V -module 
^Am! (given by Theorem 9.17) generated hy is a generalized V-submodule of some 
object of C (depending on n) included in {Wi (8) W2)*, then 

A(f) e WiRp^,,)W2. 

2. Analogously, suppose that 

x = {po {p ® W3))'K4)) 

satisfies the (full) P^^\z2)-local grading restriction condition (or the L{0)-semisimple 
P'^^\z2) -local grading restriction condition when C is in M.sg)- For any W{\) e Wi, let 
X^neM ^^"^ ( i^'i^'^Que ) series weakly absolutely convergent to 

as indicated in the P^^\z2)- grading condition (or the L{0)-semisim,ple P'^^\z2) -grading 
condition) . If for each n G M the generalized V -suhmodule of the generalized V -module 
Ts'^'^cn hy Theorem 9.17) generated hy An"* is a generalized V -suhmodule of some 
object of C (depending on n) included in {W2 ® W^)* , then 

AW G W^2SP(,,)W^3. 

□ 
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Next we shall express a product of suitable intertwining maps as an iterate and vice 
versa. This is accomplished in Theorem 9.23 below. We shall actually carry this out only 
for the case of expressing a product as an iterate, which is Part 1 of Theorem 9.23; this case 
is based on Lemma 9.22 below. Expresing an iterate as a product (Part 2 of the theorem) is 
proved analogously. We start with hypotheses for the lemma and the theorem. 

Assume that C is closed under images, that the convergence condition for intertwining 
maps in C holds, and that 

\Zi\ > \Z2\ > \zo\ > 0. 



Let Wi, W2, W3, Wi and Mi be objects of C and let Ji and I2 be -P(^i)- and P( 2^2) -intertwining 
maps of types {y^^^^ and {^^^ , respectively. Set 

G = (7i o {Iw, (g) h))' e Hom(W^i, {Wi ^W2^ W3)*) 



(cf. Remark 9.11). Suppose that Wi ^p(zo) ^2 exists in C and that for each w'^^^ e W^, 
G{w'^^-j), as in Corollary 9.21, satisfies the P*^^^( 2:0) -local grading restriction condition (or 
the L(0)-semisimple P(^)(2;o)-local grading restriction condition when C is in M.sg)- For 
W(3) e W3, let 

J]Ai^)(^|4),^(3)) (9.109) 
be the (unique) series weakly absolutely convergent to 

as indicated in the P*^^'*( 2:0) -grading condition (or the L(0)-semisimple P*^^'*(zo) -grading con- 
dition). Suppose further that for each n G M, w'^^-^ G and W(3) G W3, the generalized 

(2) (2^ 

y-submodulc of W\!, x , generated by An (if/.NjWo-)) is a generalized V^-submodule of 

some object of C included in (yV\ ® W2)* ■ Using Part 1 of Corollary 9.21, which is based on 
and follows from Part 1 of Theorem 9.17, we shall now prove that the product 1\ o (1^^^ ® I2) 
of the intertwining maps Ji and I2 can be written as an iterate of suitable intertwining maps, 
which is Part 1 of Theorem 9.23 below. First we formulate and prove a lemma under these 
assumptions. This lemma is the core of the proof of the theorem. 

Recall from Proposition 5.37 that since C is closed under images, the existence of Wi^pi^^o) 
W2 in C implies that WiRp(^zo)W2 is an object of C and that 



generalized weight n) of 

W^iSp(.o)W^2 C (W^i ® W2y 

for n G R. Thus we have the element 



W, Kp(,„) W2 = {Wi^p^,,)W2)'. (9.111) 
/(4) G and W(3) G \^\w[^y 



By Corollary 9.21, for any w'u\ G and W(3) G W^s, \n\w',^^^^W{3)) is an element (of 



4^«''(.)),«'(3) ^ ^iSp(^o)W^2, (9.112) 
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the formal completion of the generalized V^-module (and object of C) WiSp(^zo)W2, whose 
homogeneous components are the P(2;o)-generalized weight vectors 

n e M. Recalling the notation 

from Definition 2.18, we have 

Ai'n^(4),^(3)) = ^n(/lg(l^^p,^^3^), (9.113) 

and so from (9.109) and (9.110) we have the weakly absolutely convergent series 

"Si;.,).^,,, = E-"(/ig;„i.,,,„<„) = 5:4^'(»w,»(3,). (9.114) 

Note the distinction between the different sums (9.112) and (9.114) of the same elements 

(2) 

An (u''^4^,u'(3)); they take place in different spaces. Recall from Definition 2.32 and (9.111) 
that we have a canonical pairing 

•)vKiSp(^p)W^2 

between Wi ^p(zo) W2 and VFiSp(2o)iy2- By Corollary 9.9, the element (9.112) depends 
bilinearly on w'^^-j and t(;(3), so that we have a linear map 

G : Wi Kp(,o) W2 ^ {Wi ® W^Y 

determined by the condition 

G{w){w[^) ® «;(3)) = {w, /lgJ^,^p,^^3^)H^iSp(.„)W^. (9.115) 

for w G Wi Klp(2g) W2- Moreover, generalizing the corresponding lemma in [H], we have the 
following lemma, in which tq(^z2) (recall Section 5.1, in particular. Definition 5.51) appears 
naturally: 

Lemma 9.22 Under these assumptions, the linear map 

G e Rom{Wi Kp(,o) W2, (Wi (8) W^)*) 

intertwines the actions TwiMpi^^^^)W2 '^'^'^ '^Q{z2) of V ^ t+C[t, t~^, (^2 + o,nd also the 

corresponding s{{2) actions, on Wi ^p[zo) o^nd on iWi^W^)* (recall Section 5.1 for these 
actions). 
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Proof We shall prove the assertion about Twi^pf^^^^W2 ^^'^ '^Q(z2)-> the end of this 

proof wc shall briefly comment that one can similarly prove the assertion about sl{2) by 
considering appropriate aspects of the case v = u. 

As in Proposition 5.37, we shall denote the vertex operator map for Wi ^p{zo) W2 by 
Yp(^zo)- By (9.115) and the definition (5.154) of the TQ(2;2)-action (see also (5.156)), we need 
to show that 

Z2^^ ^(^^(^o)(^>^o)w) 

= ^Q(..)(^2-'^ (^^) ytiv,xo)^G{w) (9.116) 
for V e y and w G Wi ^p(zo) ^2, or equivalently, that 

rQ(z2)[z:,H Yt{v,xo)^G{w)^ («^(4) ® «^(3)) (9.117) 

for V e y, w e Wi ^p^zo) W2, w[^-^ e Wi, ^(3) e W^. Note that the left-hand sides of (9.116) 
and of (9.117) involve only finitely many negative powers of Xq. 
By Proposition 4.23, we need only prove our assertion for 

for any n G M and u'(i) G Wi, W(2) G ^2- (Again recall the notation 7r„ from Definition 2.18.) 
By (5.139), for n G M we have 

(^nH«^(4)>'f^(3)))(«^(l) ®fi'(2)) 

= (^nn^^{4)>f^{3)),'W^(l) ^P(zo) W(2))wmp(,^)W2 
= (^i^nW(4).«^(3)),7r„(W(i) Kp(^o) W(2))) 

= (/^GK(,)),«,(3)' ^'^Ki) ^■P(-o) «^(2))), (9.118) 



where the last pairing is between WiRpi^zQ)^2 and Wi ^p{zo) 

Recalling (5.24), (2.57), (2.73) and the definition (5.85) of Y^^^^^ (see also (5.87)), we 
define 

^P(.o)(^'^o) • ^ ^2)* ^ (Wi ® W2y[[xo,X^']] 

by 

^p%o)(^'^o)/^ = Tp(^o)(F(°(w,a;o))// 

= r;(,„)(e-^(^)(-a;o-^)"('')t;,a;o^)/. (9.119) 
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for fxe{Wi^ W2)*. Then 



n%o)i^^^o) = >^^,Sp..„.^.(^,^o). (9.120) 



We have natural maps 

and 
and 



V))''^(3) 



(F;''(,„)(^,xo)/lg;^, ) 7r4«;(i) Kp(,„) w^2))) (9.121) 



for n e R (cf. (9.118)). 
Now taking 

w = 7r„(w;(i) Mp(zu) W(2)) 

in the left-hand side of (9.117) and using the definition of Yp(^zo) (see Proposition 5.37), 
(9.121) and (9.120) (and, as we have done above, dropping the subscripts for the pairings), 
we see that the left-hand side of (9.117) becomes 

(9.122) 

Recall that this expression involves only finitely many negative powers of Xq. 
Taking 

W = Tln{W(i) Kp(^o) ^(2)) 

in the right-hand side of (9.117) and using the definition (5.156) oiTQ(^z2): (9.115) and (9.118), 
we obtain 



('^^(^2) (^2 y zj^ J 2;o))G(7r„(W(i) Kp(^o) W(2)))) (W(4) (g) ^(3)) 

= Xq^s(— — ^J(G(7rn(w(i) Kp(^o) W(2))))(F4'°(v,a;i)w(4) ® W(3)) 
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-Xo 

-^o'<^(^^I^)(Ai'Hw(4),>^3(^,Xi)w(3)))(w(i)®W(2)). (9.123) 

In order to prove the equality of (9.122) and (9.123), we will consider the sums of both 
expressions over n G M. 

By the definitions (9.119) and (5.87) of Y^^^^^^ and Y^(^^), we have, using (5.25), 

= (r;(,„)(e-^(^)(-Xo-^)^(°)^,Xo-^)/.)(^(i) ® ^(2)) 

= /x(W(i) <^Y2{v,Xo)W(2)) 

+Res^,Zo^s(^^^^^)l^{Yi{v,X2)w^i)®w^2)) (9.124) 
for n e (Wi (g) W2)*, ty(i) e Wi and W(2) G VF2. Taking 



_ (2) 
/^-/^GK(,)),«;(3)' 



we thus have 



(^P(^0)(^' ^0)/^^^^^),^(3^)(W(l) «) «^(2)) 



/^G(«,;,p,«,(3)(^(i) ® >'2(w,a;o)u'(2)) 

+ReS^,Zo-'(5 ( "^^ ^ )/^G^^^),^(3) (yi(^. ^2)W(i) (g) W(^2)). 



From (9.114), whose right-hand side is weakly absolutely convergent, 

{Yp\zo)i.'"^ ^0) ^"(/^GK(„),«,(3)))(^(l) ® ^(2)) 

nGR 

= 5^(^'^(/^g1«;;,)),«,(3))Hi) ® y2{v,Xo)Wi2))) 

+ReS^,^0"'^( ' J Zl^^'*^^G(l;,j),«;(3))(^l(^'^2)w^(l) ®W^(2))) 

= 5^ (vr„(/lg(^^,^p,^^3^ )(«;(!) ® Y2{v,xo)w^2))) 

neM. 

+ J] Res^.^o""'^ j (^n(/iG(^j^^),^(3^)(n(^^, a;2)«^(i) <E) w;(2))), 
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since in the second term, the coefficient of each monomial in X2 involves only the single 
infinite sum X^neM' ^^'^ ^® switch Zq^5 {^^jf^^ and X^neR- Thus 

(^P(^o)(^'^o) ),«;(3)))(^(l) ® ^(2)) 



nGlR 

E(^P%o)(^>^o)7r„(/lgJ^,^^),^^3,))K^ (9.125) 

nGR 



with absolute convergence for the coefficient of each monomial in xq. 

Now the product of the first term in the right-hand side of (9.124) with Z2^5 { ^^~^° ^ 
exists algebraically, and since the product 

z^H i"^^) z-M^-^) (9.126) 

\ Z2 J \ Zq / 

exists in the sense of absolute convergence, by (8.5) in Proposition 8.1 (since \z2\ > \zo\ > 0), 

the product of the second term in the right-hand side of (9.124) with Z2^S j exists in 

the sense of absolute convergence. (That is, the sum over the integral powers of xq obtained 
from extracting the coefficient of any monomial in xq, xi and X2 is absolutely convergent.) 

Thus the product of the left-hand side of (9.124) with Z2^S j also exists in the sense 

of absolute convergence. Again taking 



_ (2) 



we thus have 



\^ J (^pU)(^'^0)/^G(1;,)),«;(3))Ki) «'^(2)) 

+Z2'6 (^^^^) Res^2^o"''^(^^^)/^L1«,;,p,«,(3)(^i(^'^2)w^(i) ®w^(2)), (9.127) 



in the sense of absolute convergence. We will need a variant of this formula, with the left- 
hand side replaced by XlrteR applied to (9.122) (see (9.131) below). 
From (9.114), the right-hand side of (9.127) is equal to 

+^-15 [^^^^^ ReS^,^o"'^(^^^) 5]^n(/ig(^j^^),^(3^)(n(^^,^2)W(i) W(2)) 
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^ ^ y new 



(9.128) 



where the sums over n G M are absolutely convergent. 

In the first term in the right-hand side of (9.128), the coefficient of each monomial in xq 

and xi involves only the single infinite sum X^neif switch Z2^5 and 

J2nm ™ ^^^^ term. In the second term, both (9.126) and 

^"(/^S(l;,)),«;(3))(^l(^' ^2)W(l) W(2)) 

nSK 

are formal series in xq, Xi and X2 each of whose coefficients is an absolutely convergent 
series, and both series are truncated from below in powers of X2- Thus the double sums 
obtained from the coefficients of the product of these two formal series in xq, Xi and X2 are 
also absolutely convergent and in particular, we can switch (9.126) and X^^gjj in the second 
term. So we see, using (9.124), that the right-hand side of (9.128) is equal to 

J2 ^2^S I j 7r„(/lgJ , )_^^^^)(W(i) Y^iv, Xo)W(2)) 

+ Yl ^^^^ ( ^^^^ ) Res^,^o"'<^(^^7^)7rn(/iG(l;,p,^(3))(^i(^' 2:2)^(1) (g) w^2)) 

nSK V 2 / 

E ^2-^^ (^^) ^o)7r„(/lg; , . ^^3,))(^(i) ^(2)), (9.129) 



and the corresponding double sums in the two terms in the left-hand side and thus the 
corresponding double sums in the right-hand side are all absolutely convergent. Hence, 
using the fact that the coefficient of each monomial in the right-hand side of (9.125) is 
absolutely convergent, we obtain that the right-hand side of (9.129) is equal to 

J2 ^2^^ ( ^1-^ j (y;%„)(^;, xo)7r„(/lgJ^,),^^^^ ))(«;(!) ® w^2)) 

neM. \ 2 / 

= Z2^5 I j J20^P%o)(''^ ^o)7rn(/lgJ^,^^) ,„^^^))(«;(1) W^2)) 

j E^"(^^'(-o)(^'^o)/^gJ^.^p,^(3j)(«^(l) «)«^(2)) 



= Z2'S 



Z2 



E^2-^^ (^V^) ^n(>^;%o)(^'^o)/lg(l;^p,.^3;(^(l) ®«^(2)), (9.130) 
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and we continue to have multiple absolute convergence. Note that on the right-hand side, 
for each n G M the sum over the integral powers of xq is a finite sum, in view of our comment 
after (9.122). 

By the results from (9.128) to (9.130) we obtain 

J2 ^2"'^ ( ^i-^ J 7r„(F;°(,^)(w, xo)J1^g}w, .wjini) ® ^(2)) 

+z-^S Res^2^o~'<^(^^^)/^G(l;,)),«,(3)(^i(^'^2)«^(i) «)«;(2)) 

(9.131) 

(with absolute convergence). Note that in this variant of (9.127), the left-hand side is the 
sum over n G M of the right-hand side of (9.122).) 

(2) 

We now relate the right-hand side of (9.131) to (9.123). By the definitions of I^qIy'o^v xi)w' ) w^s^ 
and /^gK(,^),y3(,,,,)«.(3) (cf- (9-110); ^ec^ll (2.57) and (2.73)), we have 



_i fZ2-Xi\ (2) ^ ^ ^ 

H^^j^GK(4)).^3('',-lH3)(^« ® ^(2)) 

= Xq'^S(— —){Yl°{v,Xi)w'u., (/i O (Iw^ (S> /2))(W(1) (8) W(2) ® W(3))) 

\ Xq / 

-XQ'^S r'^_ ^M (w(4), (/i o (li^j (8) /2))(w(i) <8) 'w;(2) ® y3('y, 2;i)'u;(3))) 

= Xq'^S(— —j{w[4^^,Y4{v,Xi){Ii O {Iw^ ® /2))(W(i) (8)W(2) ® W(3))) 

\ Xq / 

-Xq M ( — —) (w(4), (/i o (IvKi (8) -^2))(^y(i) <8) W(2) <8) Y3{v, xi)w(^3))). (9.132) 

Now using the formula obtained by taking Res^;^ of (8.9) then replacing xq by Xi and X2 by 
Xq, we see that the right-hand side of (9.132) is equal to 

Z2^S( )(W(4),(JiO (l^y^ 8)/2))(u'(l) ^Y2{v,Xq)w^2) ® ^(3))) 

\ ^2 ^ 

-FXq ^(5 (^^-- — -jRes^^Zi^S (^^— — ^ j (i(;(4), {h o {1^^ (g) 72))(yi(^^, X2)w^i) (g) -^(2) W(3))) 

" ^2"'<^(^^^)/^G(l;,)),«;(3)(^(l) ® ^2(^;,a;o)W(2)) 

+^o'<^(^^^)Res,,zr'5(^i^)/igJ^,^p_^^3j(Fi(^;,X2)«;(^ ® '^('))- (^■■^^^^ 
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Using (8.5) and (8.4), we obtain 

so that the right-hand side of (9.133) is equal to 

^2 \ j/^GK(,p,n,(3)TO®^2(^,a^o)W(2)) 

(9.134) 

From (9.132), (9.133) and (9.134), we obtain that the right-hand side of (9.131) equals 
so that by (9.131), 

neIR \ 2 / 

for all W(^i) e PFi and W(^2) G W^2- The right-hand side of (9.135) is equal to 

^0^^( J\ ^ ^n\Yi"{v,Xi)w[^),W^s)){W(l) (g) W(2)) 

-Xo^(5(^^^) ^Ai^)(^;4),y3(^,xi)«;(3))(^(i) ® ^(2)) (9.136) 

(recall (9.114)). Since the only infinite sums in (9.136) are those over n e R, we can move 
5^neM ^^^^ obtain from (9.135) 

J^z^^sl^^-^] 7r„(F;°(,^)(^;, a;o)/lg(^^,^p^^^^^ )(«;(!) ®W(2)) 

nm \ 2 / 

= ^^ )Ai^H^r(^^^a;i)w[4),W(3))(W(i) 0W(2)) 

-E^o'^(^T^)^nHK4),^3(^;,^l)^(3))(W(l)®«^(2)) (9.137) 
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for u»(i) e Wi and W(^2) £ W2. That is, the sums over n e M of (9.122) and (9.123) are equal. 

We now set up an appUcation of Proposition 7.8, by first establishing from (9.137) an 
equality of formal power series in y (see (9.143) below) and then specializing y to z' and 
proving and using certain convergence assertions. For /c G N, 



i=0 

'Z2 " Xi 



-Xn 



•E . A(^)(«;;4),F3(^,a;i)^(3))((L(0) + ^o^(-l))^->i) ® L(0)^«;(2): 



k 



E ( •)^'^(^pU)(^'^o))Sg;^.^^),^^^^ + zoL{-l)f-^w^,^ ® i^(0)'^(2)), 



i=0 

that is (by (5.110)), 



which gives 



-E^o'^(^^)^W^o)(0)'(Ai'n«^(4),>^3(^,Xi)^(3)))(^(l)®«;(2)) 
= ^.-15 (^^) ^W^o)(0)'=(^n(>^;U)(^'^0)/lgL ),^^3;)(«^(1) ® «^(2)), 



E^o''^(^V^)e^^^^->^°^(Ai^Hn"(^,^i)^;4),^(3)))((^(i)®^(2)) 

-E^o'<^^)e^^^^-)^°^(Ai^)(^;4),>^3(^,xO^(3)))(^(i)®«;(2)) 
= E -2-^5 e^^W.o)(°)(^„(y-^^)(., xo)/lg; , J)(^(,) ® ^(2)) 



neM 



(9.138) 



Now both sides of (9.138) are formal Laurent series in xq and xi with coefficients in C[[|/]], 
and on the left-hand side, the coefficient of each monomial in xo and xi involves only finitely 
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many pairs of vectors in and W3. Also, since WiSp(^zo)^2 is an object of C, by (9.112) 
and Assumption 7.11 there exists K eN such that 

for n e ]R. Thus by Remark 9.7 and (9.139), for each pair p,q e 7, there exists Np^q e N with 

Np,g > K (9.140) 

such that 



-ReSa^oReSa^ixJJa;^ ^M e^^^(^o)^°^(A^^^(w(4), F3(w, a;i)w(3)))(w;(i) W(2)) 



= ReSa^gReSo^ixJJxf ^5 [— — —) t 

■^|((L'p(,„)(O)-n)^(Ai2)(ri''(^,xi)^;4),^(3))))(^(i)0^(2)) 

j=0 

ReSjjgReSjjjXnX]^ ^ Xq (5( )6 ^ • 

— ' \ —Xn / 

■ J2 7r((^P(^o)(0) - ny{X^:\w[,),Ysiv,x,)w^s))))iw^,) ® ^p)) (9.141) 



j=0 

and 



Res.„Res.,xgxl J] z^''^^ f ^V^) e^'^^^-^^°H^n(l^;(.o)(^, ^o)/lgL J)(^(i) ® ^(2)) 

• E |((^P(^o)(0) - ^)'(^n(n(.o)(^' ^o)/lg(L ),^^3;))(^(i) ® ^(2)). (9.142) 
In particular, we obtain from (9.138), (9.141) and (9.142) 
ReSjjgReSjj^XQX^ Xg ^• 

■J2^iiL'pi.jO)-n)\X^:\Y:<^{v,x,)w[,^,w^s)^^^^^^^ 



i=0 
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R-GS-rg Rcs^.^ XqX^ 





)))K)®«;(2)). (9.143) 



i=0 



We shall substitute 2;' for y in the two sides of (9.143), thus obtaining a common power 
series in z' , and we shall show that this common power series is the power series expansion 
of two analytic functions, which must then be equal. We start with the left-hand side. 

Using the part of the proof of Theorem 9.17 from (9.46) to (9.51) with —l^{z) replaced 
by z' (as we did earlier in Remark 9.19), we see using Proposition 7.9 that for each i — 
0, . . . , Np^q, the series 



is absolutely convergent in an open neighborhood of z' = 0, and that by Lemma 7.7, (9.144) 
is in fact absolutely convergent to an analytic function of z' in this neighborhood. 

The sum of (9.144) as an analytic function of z' has an expansion as a power series in z' 
in a small disk centered at z' — and the coefficients of the expansion are determined by its 
derivatives at 2;' = 0. By Lemma 7.7, for each k eN the k-th derivative at 2;' = of the sum 
of (9.144) is the sum of the absolutely convergent series 



for each i — 0, . . . , Np^g. Thus we see that the expansion of the sum of (9.144) as a power 
series in z' is 




(9.144) 




•((^p(.o)(0) -^)'(^i'Hn'°(^,^i)^(4),^(3))))(^(i) ® «^(2)) 




•((^P(zo)(0) - ^)'('^n ^^4), y^iv, X1)W(3))))(W(1) (g) ^(2)) 
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(k 

■((^W.o)(0) -^)XAi'n^;4),>^3(t',a;i)^(3))))Ki) ®^(2)))(^')' (9.145) 

for each i — 0, . . . , Np^g. In particular, the power series obtained by substituting z' for y in 
the left-hand side of (9.143) is absolutely convergent to the sum of the doubly absolutely 
convergent series 



• E ^((^W^o)(0) - ^r(^i'nn>,^l)^(4),^(3))))K^ 

i=l 

/ ^ RgSjjuRcs-jjj^XqX^Xq 5 ( j e 

— ^ V — Xn / 



nGM 



•E^^((^'^{^o)(0)-^)'(^i'H«^(4),>^3(^;,xi)^/;(3))))K^ (9.146) 

for z' in the small disk above. 

We now consider the right-hand side of (9.143) analogously. Since G{w'(^^-^) satisfies the 
-P^^-* (2;o)-local grading restriction condition, for z' in a neighborhood of z' — 0, the series 

5](e^'^i'(^o)W,r„(/lg;^,^^)_^^^p)(^(i) ^^(2)) = E(^^'^'"^^°'^°^^nn^4),^(3)))(^(i) ® ^(2)) 

(recall (9.113) and (9.114)) is absolutely convergent for e Wi and W(2) G and for z' 
in this neighborhood, the sums of these series for G H^i and W(2) G 14^2 give an element 
l^cl'^^M^y) o^{W^^W,r. Taking 

in (9.124), we obtain 

= (a^g1«;;,)),«,(3)(^'))(w(i) ® >'2(^;,2;o)W(2)) 

+ReS^^ZQ^6 (^^^^) (/^G(l;^^),«;(3) ^2)W(i) ® W(2)) 
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+Res.,Zo-'5(^^) J](e^'^'-(^o)(°)A(f)K(4),^(3)))(yi(^,X2)^(i)®^(2)) 

neR 

^ ^(e^'^W.o)(°)A(f)K(4),^(3)))(W(l) ® ^2(^,^0)^(2)) 

+Res., ^ ^o-'5(^^^) (e^'^^<-^^°^Ai2)^4), ^(3)))(ri(^, X2) 

(9.147) 



where in the second term, the coefficient of each monomial in xq involves only the single 
infinite sum J^^g^, so that '^^eM. ^® switched with Zq^S (^ ^°~^^ ^- Thus we obtain 

^o) j;(e^'^^(-)^°^Ai^)(^'(4), «;(3))) ] (^(1) ® «;(2)) 
= E(^^U)(^'^o)e^'^^(^o)(°)Ai2)(^/;;4),^(3)))(«;(i) ® «;(2)), (9.148) 

neM. 



with absolute convergence for the coefficient of each monomial in xq. 
Let 

be the element whose homogeneous components of generalized weight n e IR are 

e^'^'-(^o)(°)A(^)(«;'(,),«;(3)). 

In particular, we have 

4'»;.,,,.,,(^')^e-'^.=o.'°'^;<t, (9.149) 



Since |z2| > |^o| > 0, |e ^'^2! > |^o| > for sufficiently small. Then the exact same 

r 

by 

show that the coefficient of each monomial in xq and Xi in 



arguments from (9.126) to (9.130) with Z2 replaced by e ^' Z2, v hy e and A*qL/ ) 



5](e-'.2)-^<^ (^^) (l^;''(.o)(e-^'^(°).,xo)7r„(/lg; , 

= 5:(e-'.2)-^5 f?^) (>^(.o)(^-^'"^°^->^o)e^'"'-(-)(°)A(f)(^;,),^(3)))(^(,) ® ^(2)) 



(9.150) 
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is doubly absolutely convergent for z' in a neighborhood of = independent of u'(i) and 
i(;(2) and that 



(9.151) 



for z' in this same neighborhood, again with double absolute convergence. Replacing xi and 
xo in (9.150) and (9.151) by xi and xq, respectively, and dividing both sides by , 
we see that the coefficient of each monomial in xq and xi in 

J] .-5 f^^) (l^^(,„)(e-'^(°).,e-^'xo)e^'"'-(^o)(°)A(^)(^,^,«;(3)))(^(i) (9.152) 

is doubly absolutely convergent in the same neighborhood of = and that 
J2z2'S (^^) ^n(r;''(.„)(e-'-(°).,e-'xo)/lg() 

neR V 2 / 



(9.153) 



for z' in this same neighborhood, with double absolute convergence. 

Using (9.120), (2.62) and (2.65), we have, as in (3.86) but for Y° (or by invoking (3.86), 
(2.73) and (2.75)) 

= ^P(.o)(e"^''^^°^^'e"^'^o)e^'^'-(^o)(°)A(2)(^4),^(3)) (9.154) 

for each neR, and so 

= Vif,,,(e-"<%, e-V„)e''''-....<°'^« . (9.155) 

z'L' (0) 

Also, by definition, e ^(^o)'' commutes with 7r„ for neR. Prom these formulas, we obtain 
J2z^^5 (^^) (e^'"^^-^^°V„(r-(,„)(.,xo)4)^,^^),^^3,))(^(i) 0^(2)) 

neR \ 2 / 
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= E^2-^5 (^V^) ^n(>^;°(.o)(e-^'"(%,e-^'xo)4)^,^^),^^3^(/))Ki) ® (9.156) 

nGR V 2 / 

with double absolute convergence in the same neighborhood oi z' = Q for each coefficient 
in xq and Xi for each sum, since we know that the right-hand side has double absolute 
convergence. (We recall that the double sums are over n e IR and over the integral powers 
of Xq. The operator e ^(^o)^ is apphed to the indicated vectors, and in each case, it 
acts as a convergent sum of operators on a suitable /iniie-dimensional vector space because 
VFiSp(^g)H^2 is a generalized module.) 

From (9.139), (9.140) and (9.142) and this double absolute convergence for the left-hand 
side of (9.156), we have, for each pair p, g G Z, 

Res^^Res^y^xl ^ ^2~^^(^^y^) {^''^'''^'''^^^^^n{yp^^^){v, a:o)/^G(«,;^)),«;(3)))(^(i) ® ^(2)) 

neR ^ 

= Res.„Res.,xSx? V z^H e^' • 



'N 



E V((^W^o)(o) -^)^(^n(r;U)(^'^o)4L .,_)))(«^^^^ ; 



, 1=0 



(9.157) 



on the right-hand side, each summand of the doubly absolutely convergent sum (in the 
neighborhood of = above) has been replaced by a finite sum over i. 

Since both sides of (9.157) are doubly absolutely convergent, we can write (9.157) with 
the sums over n e M on the outside and the sums over the integral powers of Xq on the 
inside: 



2^ ( Res^^Res^^x^xlz^ — ■ 

neR ^ 



•(e^ --(^o) W^,(F-^^)(t;, xo)pi^^;^,^^),^^3^))(«;(i) ® «;(2)) 



f ReSxoReSxixlxlz2 — e"^' 

neR ^ 



Z2 
i=0 
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(9.158) 

where the last equahty follows from the finiteness of the sum over integral powers of xq on 
the right-hand side of (9.130) for each n e R; in particular, on the right-hand side of (9.158), 
for each n e IR the sum is finite, and thus the same is true of the left-hand side of (9.158), 
the powers of xq entering into the inner sum being the same on the two sides. The outer 
sums (over n G M) are of course absolutely convergent in our neighborhood of 2;' = 0, which, 
we recall, is independent of u'(i) G Wi and W(2) G W2. 

We again use the part of the proof of Theorem 9.17 from (9.46) to (9.51) with —l^{z) 
replaced by z' (as in Remark 9.19 and (9.144); what follows is a variant of the argument 
in (9.144)-(9.146)): Since the left-hand side of (9.158) is absolutely convergent in a neigh- 
borhood of 2;' = independent of W(^i) G Wi and W(^2) G M^2, from (5.110), for A; G N the 
series 



J] Res.„Res.,x^x?.2-^5(^^) (^'p(^o)(0))'=e^''^^-^^°^- 

■T^n{Y^%,)iv, Xo)?^'^}^,^^),^^^^)^ (W(i) (8) W^2))^ 

= E(Res,„Res,,xSx?Z2-M(^i^) (e^'^'-(-)(°V„(y;°(,„)(^, xo)/lg; 



«'(4))."'(3) 



• (E ( •) (^(0) + ^o^(-l))'^(i) ® (^(0))'=-V(2)) ) (9.159) 

obtained by summing the term-by-term k-th derivatives with respect to z' on the left-hand 
side of (9.158) is absolutely convergent in the same neighborhood. By (9.158), equivalently, 
the series of term-by-term k-th derivatives with respect to z' for the right-hand side of (9.158) 
is absolutely convergent (as an iterated series) in the same neighborhood, for A; G N. Thus 
by Proposition 7.9, for each i = 0, . . . , A^^.g, 

Res^^Res^yo^lz^^S ^"(^p%o)(^'^o)a^g(«;^4)),«;(3)))) (^(i) ® "'(2)) 

(9.160) 

is absolutely convergent in the same neighborhood. Prom Lemma 7.7, (9.160) is an analytic 
function in this neighborhood, and thus so is the right-hand side of (9.158), which equals 
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the sum of the absolutely convergent double series 



EE- 




( 



(^P(.o)(0)-^)'- 




(9.161) 



Moreover, the fc-th derivative of (9.161) with respect to with respect to z' at = is the 
sum of the absolutely convergent series obtained by setting ^' = in the left-hand side of 
(9.159), namely. 



This information determines a power series expansion of the analytic function (9.161) in 
a small disk centered at z' — 0, and in fact we know that it is obtained as follows: The right- 
hand side of (9.143), which is a formal power series in y whose coefficients are absolutely 
convergent sums over n G M, is obtained by applying ReSajoReSj:^^:^^^ to the right-hand side 
of (9.138), and the coefficient of y'^/kl in this formal power series is exactly (9.162). Hence in 
a small disk centered at z' = 0, the substitution of z' for y in the right-hand side of (9.143) 
gives a convergent power series expansion of the analytic function (9.161), or equivalent ly. 



Wc have shown that the left- and right-hand sides of (9.143) with y replaced by z' are 
absolutely convergent to the sums of (9.146) and of (9.161), respectively, for z' in small disks 
centered at z' = 0. Thus the analytic functions (9.146) and (9.161) must be equal in the 
intersection of these disks. That is, for p, g e Z, 



(9.162) 



(9.158). 



EE- 




neM i=0 




)JJ(W(i) ®W(2)), 

(9.163) 
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with double absolute convergence for z' in a small disk centered at z' — 

We can now apply Proposition 7.8. Since M x {0, . . . , A^p,^} is a unique expansion set for 
any p, g e Z, we obtain from (9.163), taking i = 0, that 



ReSa;oReSa;iX^a;?a;o — —\{\^l^^ij'^{v, xx)vj\^),W{^^))){w(x) ® W{2)) 

-ReSj^oReSj^^x^x^Xo ^(5 (^3^) {^n^i^^'^Y^-ih^^ 2;i)w(3)))(w(i) ® W(^2)) 
= Res^,Res^,xlxlz2^d ^n(>'p%o)(^^, a:^o)/iG(^/^p,^(3,)(w(i) W(2)) 

for n e R and p,q e Z, or equivalent ly, that 

-Xq —) (X^n^'^U)^ Xl)W(3))){W(l) ® W(2)) 



-Xo 



for n G M. 

We have thus proved the equahty of (9.122) and (9.123), and this proves (9.117) and 
hence (9.116). 

Similarly, one can prove that G intertwines the corresponding 3i{2) actions; in fact, 
the appropriate argument arises from setting v — uj above, and taking the relevant three 
components at each step. □ 

Recalling the assumptions given before Lemma 9.22, we see that the map G is 74- 
compatible (recall Definition 5.16 and (5.88)), from the definitions. Remark 9.11 and Propo- 
sition 9.12. Thus by Lemma 9.22 and Proposition 5.60 there is a unique (5(^2) -intertwining 

map / of type (^^^^^^^) such that 

G{w){w[^) (8) W3) = {w, I{w[4) <8) W(3))) 

for w e Wi Klp(zo) 1^2, ^^(4) e and 1^(3) e W3. By Corollary 4.42, there exists a unique 
P(^2)-intertwining map I of type (^^^^^^^^^ such that 

{W, 7(W(4) ® ^(3))) = (^4), H'^® ^{S)))^ 

or equivalently, 

G{w){w[^) (8) ws) = (w(4), I{w (8) W(3))), 
or equivalently (by (9.115)), 

/iGK(„),«;(3))w'iSp(.o)W^2 = i^U), ® W(3))) 
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for w eWi ^P(zo) W2, W(4) e and ^(3) e W3. Taking 

for u'(i) G Wi, W(2) e VF2 and n G R and invoking Proposition 4.23, we see that / is unique 
such that 

or equivalently (by (9.118)), 

(^n n^^(4), f«(3)))(«^(l) 'ti'(2)) = (^(4), /(7r„(w(i) ^p^^o) W{2)) ^(3))) (9.164) 

for all wq) G VTj and w'^^-^ G I V'4. 

Now we sum (9.164) over n G K to obtain the equahty 

/^GK(„),«;(3)(^(l) ® ^(2)) = (^(4), ^((^^^(1) ^P(.o) ^^(2)) <^ W(3))) 

of absolutely convergent sums; for the left-hand side we recall (9.109) and (9.110) and for 
the right-hand side we invoke the convergence condition for intertwining maps in C for the 
P(2;o)-intertwining map ^p(^zo)- That is, from Definition 7.1, Remarks 8.12 and 9.11 and 
Definition 9.1, 

(^(4), /l(u'(i) (8) I2{W(2) <S> W(3)))) 

= («^(4)> (-^1 O (Im ® h)){W(^i) (g) W(2) (g) W(3))) 

= (G'(w(4)))(w(i) (8) ^W(2) (8) ty(3)) 

= (w'(4), /((^/;(l) Kp(^o) '"^(2)) <H) W(3))). 

Moreover, by Proposition 8.19, this equality, 

(wj4), /l(W(i) (g) /2(W(2) <8) W(3)))) = (W(4), /((W(i) Klp(^o) W(2)) <8) W(3))) (9.165) 

for all wq-) G and ■U7^4-) G W4 determines the P(^2)-iiitertwining map / uniquely. 

We have now proved Part 1 of the theorem below, which states in particular that under the 
assumptions above, this product of intertwining maps can be written as an iterate of certain 
intertwining maps. Moreover, as is guaranteed by Proposition 8.19 and proved directly 
above, the intermediate module can always be taken as Wi ^p{zo) W2. Part 2 of this theorem 
is proved analogously. 

Theorem 9.23 Assume that C is closed under images, that the convergence condition for 
intertwining maps in C holds and that 

\Zi\ > \Z2\ > \zo\ > 0. 

Let Wi, W2, W3, Wi,, Ml and M2 be objects of C. Assume also that Wi ^p{zo) W2 and 
W2 Mp{z2) W3 exist in C. 
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1. Let Ii and I2 he P{zi)- and P(z2) -intertwining maps of types (^.^^J cind (^^^^^, 
respectively. Suppose that for each w'^^-^ e W^, 

A = (Ji o (1^^, ® /2))'K4)) e {Wi «) 1^2 ® WsY 

satisfies the P^'^\zq) -local grading restriction condition (or the L(0) -semisimple P^'^^Zq)- 
local grading restriction condition when C is in Aigg)- For w'^^^ G W'^ and 1^(3) G W^, 

let ^^gjj An he the (unique) series weakly ahsolutely convergent to fJ^x L^-^-i '^^ indicated 
in the P^'^\zq)- grading condition (or the L{f))-semisimple P'^'^^zq)- grading condition). 
Suppose also that for each n G M, w'^^^^ G and W(^^) G W3, the generalized V- 

suhmodule of the generalized V -module W^l^ ^ (given hy Theorem 9.17) generated hy 

A„ is a generalized V-submodule of some ohject of C included in {Wi W2)*. Then 
the product 

h o {Iwi ® h) 

can be expressed as an iterate, and in fact, there exists a unique P{z2) -intertwining 
map of type (^^^^^^^^^ such that 

(W(4), ® /2(W(2) <8 W(3)))) = (W(4), Kp(^,) W(^2)) W(3))) 

for all W(^i) e Wi, W(2) £ W2, W{^) G W3 and w^^^ G W4. 

2. Analogously, let P and P he P{z2)- and P{zq) -intertwining maps of types (jJ^m^ ) and 



M2W3) 

{^y^^^ , respectively. Suppose that for each w^^^ G W'^, 



A = (7^ o {p (g) W3))'K(4)) e {Wi ®W2® w^y 

satisfies the P'^^\z2) -local grading restriction condition (or the L{f))-semisimple P^^\z2)- 
local grading restriction condition when C is in M.sg)- For w'f^^-^ G W'^ and W{i) G Wi, 

let X^^gK An^ he the (unique) series weakly absolutely convergent to l^^xl^^^^ as indicated 

in the P^^\z2)- grading condition (or the L{0)-semisimple P^^\z2)- grading condition). 
Suppose also that for each n G IR, tv'^^-^ G and W(^i) G Wi, the generalized V- 

submodule of the generalized V -module (gi^e-n by Theorem 9.17) generated by 

Xn^ is a generalized V-submodule of some object of C included in {W2 <S> W3)*. Then 
the iterate 

can he expressed as a product, and in fact, there exists a unique P{zi) -intertwining 
map h of type (^^ ^^^^^^^^^J such that 

(W(4),/^(/^(W(l) ®W(2)) O W(3))) = (u;(4),/i(?i;(i) ® {W{2) ^P{Z2) W^(3)))) 

for all W{i) G Wi, W{2) G W2, W(3) G Wz and w'^^^ G W'^. □ 
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We know from Section 4, in particular, Proposition 4.8, in which we shall take p — 0, that 
P(2;)-intertwining maps arc equivalent to suitable evaluations of logarithmic intertwining 
operators or ordinary intertwining operators at z. Thus Theorem 9.23 in fact says that 
under all of the assumptions in the theorem, the following associativity of logarithmic and 
of ordinary intertwining operators holds: 

Corollary 9.24 Assume that C is closed under images, that the convergence condition for 
intertwining maps in C holds and that 

\zi\ > \Z2\ > \zo\ > 0. 

Let Wi, W2, W3, W4, Ml and M2 be objects of C. Assume also that Wi ^p{zo) ^2 and 
W2 Klp(22) ^3 ea;z5i in C. 



in the case that C is in M.sg) of types (^J^J and (^^^^^J, respectively. Suppose that 
for each w',^^ G W'^, the element A G {Wi ®W2® M/3)* given by 



1. Let 3^1 and 3^2 be logarithmic intertwining operators (ordinary intertwining operators 
e t 

^(4) 

\{w(i) (g)W(2) ®W(3)) = (w(4),3^i(w(i),a;i)3^2(w(2), 2:2)^(3)) 

X1=Z1, X2=Z2 

(recalling (7.14)) for W(^i) E Wi, W{2) G W2 and W{2,) G W3 satisfies the P^'^\zq) -local 
grading restriction condition (or the L{0) -semisimple P^'^\zq) -local grading restriction 
condition when C is in Msg)- For w'^^^^ e W4 and W(3) e Ws, let An be the 

(unique) series weakly absolutely convergent to l^xl^^^^ o,s indicated in the P^'^\zo)- 

grading condition (or the L(0)-semisimple P^'^\zq)- grading condition). Suppose also 
that for each n G M, w'^^^^ G and W(3) G W3, the generalized V -submodule of the 

generalized V -module W^^ ,^ (given by Theorem 9.17) generated by An is a generalized 
V -submodule of some object of C included in {Wi ® 1^2)*- Then there exists a unique 
logarithmic intertwining operator (a unique ordinary intertwining operator in the case 
that C is in Msg) of type (p^^^^^^'^Fa W3) ^^"^ 

yi{w(i),Xi)y2{w(^2),X2)w^3)) 
= (W(4), 3^^(3^Kp( ),o(W(i), Xo)w(2), X2)W(3))) (9.166) 

XO=ZO, 12=22 

(recalling (4. 18) and (7.13)) for all W{i) G Wi, W(2) G W2, ^(3) G W3 andw'^^-^ G W^. In 
particular, the product of the logarithmic intertwining operators ( ordinary intertwining 
operators in the case that C is in M.sg) and 3^2 evaluated at zi and Z2, respectively, 
can be expressed as an iterate (with the intermediate generalized V -module Wi Klp(zo) 
W2) of logarithmic intertwining operators (ordinary intertwining operators in the case 
that C is in Msg) evaluated at Z2 and Zq. 



11=21, 12=22 
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2. Analogously, let and y'^ be logarithmic intertwining operators ( ordinary intertwin- 
ing operators in the case that C is in Aisg) of types {jj^^^) o,nd (^^^J, respectively. 
Suppose that for each w'^^-^ e W^, the element A e {Wi <S) W2 W^)* given by 

A(w(i) (g)W(2) ®W(3)) = (w(4),3^^(3^^(w(i),a;o)w(2), 2:2)^(3)) 



XO=ZO, X2=Z2 



(recalling (7.13)) satisfies the P^^\z2)-local grading restriction condition (or the 1/(0)- 
semisimple P^^\z2)-local grading restriction condition when C is in M.sg)- For w'f^^^ e 

W'^ and W{i) E W\, let X^^gjj An^ be the (unique) series weakly absolutely convergent to 
A'A^tufi) indicated in the P^^\z2)- grading condition (or the L{0)-semisimple P^^\z2)- 
grading condition). Suppose also that for each n e M, w^^-j G and ty(i) e Wi, 
the generalized V -suhmodule of the generalized V -module W^^^^^ (given by Theorem 

9.17) generated by X^f* is a generalized V-submodule of some object of C included in 

{W2 ® W^})* . Then there exists a unique logarithmic intertwining operator (a unique 

( W4 ^ 



ordinary intertwining operator in the case that C is in Aigg) ^1 of type ^ ^ ) 



such that 

{w[i),y^{y'^{w(^^),Xo)w(2),X2)Wi^)) 



a;o=2(), X2=Z2 



= (^(4), 3^i(w(i), a;i)3^B^ o(w(2), a;2)w(3)) (9.167) 

X1=Z1, X2=Z2 

(again recalling (4-18) and (7.14)) for all G Wi, W(2) G W2, W(^3) G W3 and 
w'^^^ G In particular, the iterate of the logarithmic intertwining operators (ordinary 
intertwining operators in the case that C is in Aisg) y^ CLnd y^ evaluated at Z2 and Zq, 

respectively, can he expressed as a product (with the intermediate generalized V -module 
W2 Klp(z2) ^^) of logarithmic intertwining operators (ordinary intertwining operators 
in the case that C is in Aisg) evaluated at z\ and Z2. 

Proof We prove only Part 1, the proof of Part 2 being analogous. 
By (4.15), we have 

(W(4), 3^l(W(i), Xi)3^2(W(2), a;2)W(3)) = (W(4), /yi,o(W(i) ® /y2,o(W(2) ® W(3)))) 

X\=Z\, X2=Z2 



for u'(i) G Wi, W(2) G W2, w^s) G and ^[4) G W^. By Part 1 of Theorem 9.23, There 
exists a unique P( 2^2) -intertwining map P of type {w^^^^'^w^ w^) such that 

{^[4), hiA'^il) ® ^^2,o(W(2) ® W(3)))) = (w;4), /^((W(i) Kp(^o) W(2)) ® W(3))). 

By Proposition 4.8, we have 

(W(4),/^((W(1) Kp(,o) W(2)) ® W(3))) = (w;4),3^7i,o(3^Sp(,^),o(W(i),a;o)w(2), 0:2)^(3))) 



Xo=Zo, X2=Z2 
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Taking — 3^/i,o, we obtain (9.166). Since is unique, = 3^71,0 is also unique, by 
Proposition 4.8 (as in Corollary 8.20). In the case that C is in Aisg, is an ordinary 
intertwining operator, by Remark 3.23. □ 

Theorem 9.23 and Corollary 9.24 both have two parts, each with a major assumption, in- 
volving the P*^^) (2;o)-local grading restriction condition (or the L(0)-semisimple P'^^)(2;o)-local 
grading restriction condition) in Part 1 and the P*^^''(z2)-local grading restriction condition 
(or the L(0)-semisimple P^^'' (2;2)-local grading restriction condition) in Part 2, and the result- 
ing pair of assumptions essentially form most of what we will call the "expansion condition" 
(see Definition 9.28 below). We would now hke to show that these two major assumptions are 
actually equivalent to each other. For this, we need the equivalence (Theorem 9.26 below) of 
two versions of the associativity of logarithmic or ordinary intertwining operators, namely, 
that every product can be expressed as an iterate, and on the other hand, that every iterate 
can be expressed as a product (recall the conclusions of Part 1 and Part 2 of Corollary 9.24). 
Theorem 9.26 and the lemma below used in its proof do not use any results in Section 8 or 
any of the results in the present section that we have obtained so far. 

Recall that in Section 7 we proved two formulas, (7.6) and (7.9), using the maps Qr (recall 
(3.77)), on writing products of intertwining operators satisfying certain conditions in terms 
of iterates, and vice versa. In the next lemma, we shall use (7.6) and (7.9) to prove analogues 
of these two formulas. In the statement and proof of this lemma, we shall use the analyticity. 
Proposition 7.14, and Proposition 7.20 and Remark 7.21 to rewrite the consequences (7.7) 
and (7.10) of (7.6) and (7.9), respectively, and to write analogous expressions. 

Lemma 9.25 Assume that the convergence condition for intertwining maps in C holds. Let 
Wi, W2, Ws, W4, Ml and M2 be objects ofC. Then: 

1. For any nonzero complex numbers z\, zi such that 

\z^\ > \Zo\ > 0, \Z2\ > \Zq\ > 



(with zq = Zi — Z2 as usual), there exist p,q E such that for any logarithmic (in 

\ and ( 1 



particular, ordinary) intertwining operators y^ and y"^ of types {j^^) and i^^^^^, 



respectively, we have 

{w[4),y^{y'^{W(i),XQ)w(2),X2)W(i))Wi 

= (e^^^'(i)«;;,),(7_i(J^i)(«;(3),yi)Q-i(3^')(«;(2),2/2) • 

■W{l))w^ 



Xo=Zo, X2=Z2 



yp=e"'p(-^i), log2/i=ij,(-zi), 2/J=e"'9(-^o), Iog2/2=i9(-^o) 

(9.168) 



for all W{i) e Wi, W{2) e W2, W{z) G and w'^^-^ e W^. 
2. For any nonzero complex numbers zi, Z2 such that 

> \z2\ > 0, l^ol > 1^2! > 0, 
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there exist p,q e Z such that for any logarithmic (in particular, ordinary) intertwining 



operators iVi and 3^2 of types {^Ij ) and ) , respectively, we have 



X1=Z1, X2=Z2 



= (e^^^'««;[4),Q_i(J^i)(Q_i(:^2)K3),yo)^(2),y2) 



(9.169) 

for all u'(i) e 1^1, W(^2) e 1^2, ■Ji'(3) e W3 and w'^^-^ e W4. 

Proof We prove only (9.168); (9.169) is proved similarly, and at the end of the proof we 
discuss it briefly. In the first part of our proof, we shall interpret substitution notation 
such as "x2 = e~^'"z2' the same way we did in the proof of Proposition 7.3, namely (in this 
instance), as the substitution of 

glog22-7ri 

for X2 (rather than as in (7.13) and (7.14), where p = 0); more precisely, for convenience we 
shall reverse the occurrences of Qq and Q^i in (7.6)-(7.7), and correspondingly, we shall use 
X2 = e~^^'"z2, which serves to replace X2 by e'°s^2+7r«_ 

Using the formulas (7.6)-(7.7) (or more precisely, the indicated variant of (7.7)), along 
with Proposition 3.44 and (3.60), we have 



XO=ZO, X2=Z2 



^0=^0, X2=e'"Z2 



XO=ZO, X2=e-"'Z2 



XO=ZO, X2=e" '■Z2 



(tW(4),^ (^ (tW(i),a;o)w(2),a;2)w(3))iy4 

= (e^^^'Ww'(4),(]_i(y)(«;(3),X2)no(^^-i(3^'))(^(i),a;o)«^(2))m 
= (e^^^'W<),n_i(y)(«;(3),X2)e^°^(-^)n_i(:^2)(«;(2),e'^^xo)«;^^^ 
= (e^^^'««;[4),e^"^(-^)l]_i(y)(w(3),a;2-a;o)l^_i(y)(w;(2),e-%)w;(i))M., 

= (e^"^'(^)e^^^'W^/;;4),l^_i(y)(«;(3),X2 + a;o)i^-i(3^')(«;(2),a;o) • 

'W{1))W4 j,n^gniq(-^o), logxo=iq(-zo), X^=e^^p''-''^\ \oSX2=lp(,-Z2)' 

(9.170) 

for some p,q E 7^ independent of y^, y^, 1/7(1), W(2), W(3) and ^^4^ (see the discussion before 
(7.7)). Note that the left-hand side of (9.170), as a multisum obtained by substituting 
powers of the formal variables Xq, X2, logxo and logX2 by the indicated complex numbers, is 
absolutely convergent by Proposition 7.20, and each step in (9.170) means that the multisums 
on both sides are both absolutely convergent and are equal. In particular, the right-hand 
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side, as a multisum obtained by substituting the powers of the formal variables Xq, X2, logxo 

and logX2 by the indicated complex numbers, is absolutely convergent. 

Note that since e^^^-^ are linear automorphisms of W^, is spanned by homogeneous 
elements of the form e^^^ ^^^w'f^^y We need only prove (9.168) for homogeneous 10(1), ^(2), W(3) 
and e^^^'*-^''w^4^, and we assume this homogeneity. Recalling Proposition 7.20 and (7.46), let 

A = — wt e^^^ ^^^'"^(4) + ^ '"^(1) + ^ '"^(2) + ^ '"^(3) ^ ^ 

and define 

/ ziL'(i) I ( \Q.-^{y^) ( xn_i(y2) , 

forn e R, j = 0, . . . , M, i = 0, . . . , A/". Prom this expression of a^j^j and (3.25), for \x e M/Z, 
there exists & /i such that a„j^j = for any n & /i with n > R^. Then since 

^g2ii'(i)^j^^ , n_i (3^^) (w(3) , a;2 + xo)n_i (y ) (w(2) , a;o)w(i)) 

M N 

= E E E + xo)-^+"+^(iog(x2 + xo)yxr-\\ogxoy 

ngR j=0 i=0 

= E E E ( E "-"^-1+'='^'' ( "'a;^}' 



the right-hand side of (9.170) is equal to 

M N 

^ ( \^r. 



E E E I E 

meM j=0 1=0 VfceN 



^p(-^2) + E ^ Y I i,(-^o)\ (9.171) 



an absolutely convergent triple sum since \z2\ > \zq\ > 0, with the first of the inner sums 
finite (since a-m-i+fe,i,i = OforA;>m + l + where —m is the congruence class of — m) 
and the second of the inner sums absolutely convergent, again since \z2\ > \zo\ > 0. 
Since 



is a value of the multivalued logarithmic function at the point —Zi, there exists p e Z such 
that 



lp{-Zi) = lp{-Z2) + J2 
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Note that p is independent of y^, y"^, ^(2), W(s) and w'^^^y Then since \zi\ > \zo\ > 0, 
Proposition 7.20 and (7.46) give that the right-hand side of (9.168) with p and q as above is 
equal to the absolutely convergent triple sum 

M N 

E E E an,..e(-^+"+^)'^(--)/,(-^O^e(— ^)'^(-^°)/,(-^o)^ 

nSK i=0 i=0 

M N / 

= EEE E«-'^v 

new j=0 i=0 VfeeN 



k 



with the inner sums absolutely convergent binomial and logarithmic series since \z2\ > \zo\ > 
0. 

We now consider complex variables z[, z'^ and z'^ = z'^ — z'^. We view z'^ and z'^ as 
independent variables. Let U be any open subset of the region |2;2-l--2o| > l-^ol and \z'^ > \zq\ 
of such that its projection U2 to the z'2 coordinate is simply connected and let /(— ^2) 
be any single-valued analytic branch of the logarithmic function of —Z2 defined for Z2 G U2- 
Then 



«e2 



•+ 



is a single- valued analytic branch of the logarithmic function of —z[ for z[ G z'q + 1/2- By 
Proposition 7.20, (7.46) and Proposition 7.14, 



(e^^^'«^/;;4),f7_i(y)(^/;(3),|/i)l^-i(3^')(«;(2),|/2)- 

yr=e"'^-"i', logj/i=[(-2i), yJ=e"'9(--o), logj/2=Z9(-2;o) 



•f^(l)/W4 

M Af 

= E E E «nj,ie(-^+-+i)'(-^i)[(-zi)^e(-"-^)^^(-^°)Z,(-Zo)^ (9.173) 

neR j=0 i=0 

and the corresponding series of its derivatives arc absolutely convergent as triple sums when 
{z2, z'q) G U. By Proposition 7.9 (see also Corollary 7.10 and its proof), for each j — 0, . . . , M 
and i = 0, . . . , N, 

J2 a„j, ,e(-^+"+^)'(-^i)e(-"-^)'«(-^°) (9.174) 
is absolutely convergent and by Lemma 7.7 is analytic in z[ for 2;^ G 2;q -|- C/2- Expanding 

g(-A+n+l)[(-4) ^ ^(-A+n+m-z!,-z'f^) 

for n G M as a power series in z'q (as we did above with zi, Z2 and zq in (9.172)), and recalling 
that for /X G M/Z, there exists Rf^ & /i such that anj,i — for any n & /i with n > R^, we see 
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that (9.174) is equal to the absolutely convergent double sum 

.g(-A+n+il^-fc+l)i(-4)^_^/^feg(-n-il^-l)ig(-2o)J ^ 

(9.175) 

for (^2,-29) ^ U, with the inner sum absolutely convergent since \z2\ > \z'q\. In particular, as 
the quotient by e(~^+^''+^)^(~^2)e(--^'^-i)''j(-^o) of a subsum of (9.175), the series 

ne-N VfceN ^ ^ / 

for each fi G M/Z, j = 0, . . . , M and i = 0, . . . , is absolutely convergent for {z2, Zq) G U. 
The sum of (9.175) as the composition of the analytic functions (9.174) and —z[ = —z^ — z'^ is 
analytic in each of z'^ and z'q for {z'^^ Zq) G U, and, by Lemma 7.7, its derivatives with respect 
to Z2 and Zq are sums of absolutely convergent series obtained by taking the derivatives 
term by term. In particular, for each // G IR/Z, j — 0, . . . , M and i = 0,...,N, since 
g(-A+Rp+i)«(-4)g{-i?^-i)/,(-2;o) ig analytic in 4 for 4 ^ ^^2, the sum of (9.176) as the quotient 
by e(~^+-^''+^)'(^^2)e(~^M-i)'9(-2o) ^ subsum of (9.175) is analytic in each of z'2 and z'q for 
{z2,Zq) G ?7 and its derivatives are sums of absolutely convergent series obtained by taking 
the derivatives term by term. Since U is an arbitrary open subset of the region given by 
1-^2 + ko| s-nd \z2\ > \zq\, the sum of (9.176) is analytic with respect to each of Z2 and 
z'q in the region \z2 + ^qI > l-^o| and \z2\ > \zq\. 

We now view (9.176) as an analytic function of (4)~^ and Zq. The function (9.176) is 
equal to 

E a,H.«,,,,(-4)"(l + (-4)(-4)-')-^^'-'^''+'(-^o)-" 

he-N 

= (1 + (-4)(-4)-')-^+^''+^ E an+R.,jAi-4r\i + (-4)(-4)-')-'(-^o))-". 

ne-N 

Since the left-hand side is absolutely convergent when |4 + 41 l-^ol and |4I > I4I' 

E «^+«...,^((-4)-'(l + (-4)(-4)-')-'(-^o))-" (9.177) 

ne-N 

is also absolutely convergent in the same region. Consider the power series On+R^j-.i-z"" 
Prom the discussion above, its radius of convergence is not 0. In particular, 

lim J2 (^n+R„J,iZ-^ 

ne-N 



-A + n + R^ 
k 
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exists and is equal to a^^j^i. Since the limit of {—Z2)~^{1 + (— -Zo)(~-^2)~^)~^(~-2o) as (-22)"^ 
approaches is 0, the limit of (9.177) as (-22)"^ approaches is dR^j^i- Thus for fixed z'q G C, 
since the limit of (1 + (— -2o)(~-22)^^)~^^^^^"'^ {^'2)^^ approaches is 1, the limit of (9.176) 
as (2^2)"^ approaches is au^j^i. Hence for fixed Zq G C, the singularity (-22)"^ = in (9.176) 
is removable. We know that (9.176) is analytic in z'q for fixed {z2)~^ 7^ 0, in our region. Since 
the limit of the function (9.176) as (-22)"^ approaches is this function is also analytic 

in Zq when (-22)"^ = 0- Hence by Hartogs' theorem (see, for example, page 8 of [Sh]), this 
function is analytic as a function of the two variables {z'2)^^ and z'q in the neighborhood of 
(0,0) given by |l + 4(4)-i| > 1 (4) "'I and 1 > |4(4)"'l- 

Let r be a real number satisfying r > 2\zo\- Then for (-22)^''^ satisfying [(-22)^^1 < 

and I^qI < r — l^ol, we have 

ko(4)"'l < - ko|)r-' = 1 - \zo\r-' < 1 

and 

|1 + -2o(4)"'l > 1 - > 1 - (r - \zo\)r-' = l^olr-^ > |-2o(4)"'l- 

Thus the polydisk given by 1(2:2)"^ I < f'"^ and \zq\ < r — |^o| is in the region given by 
|1 + -29(^2)"^! > |-2o(-22)~"'^| and 1 > |2;q(2;2)^^|. In particular, our function has a power 
series expansion in (2^2)"^ and z'q and the power series is doubly absolutely convergent in the 
polydisk. Since the derivatives of this analytic function are obtained by taking the derivatives 
of the series (9.176) term by term, we see that the power series expansion of this analytic 
function is the double series 



l^l^^f^+R^.A ^ " (-4r'^(-4)'(-^o)-". (9.178) 

Thus the two iterated series, (9.176) and 

E { E ^ \^ ^ ') i--'2f-\-z',n-z,)A , (9.179) 

keN \ne-N ^ ^ / 

associated to (9.178) are also absolutely convergent in the polydisk and their sums are equal 
to the double sum of (9.178) in the polydisk. 

Also, a_m+R^-i+k,j,i = wheu —rh — 1 + k > 0. Thus in the polydisk, we obtain 

n€-N VfceN ^ ^ 

= E E «^.«..i"^^\^'''^^')(-4)^-'=(-4)^-o)- 

km ne-n ^ ^ 

km rhm-l+k ^ ^ 



m+l—k 
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feeNmeN-l ^ ^ 

= XI y^Q-m+R^-l+fc,i,if j (-4)~"'~"^(-4)''(~^o) 

TTieN-i feeN ^ ^ 

mGN-l VfeeN ^ ^ 



rra+l— fe 



m+l—k 



rh+l—k 



for e E/Z, j = 0, . . . , M and i = 0, . . . , A?". Then in the polydisk, we have 
fie-N VfeeN ^ ^ 



, «-m+R^-l+fc,i, 
mSN-l \feeN 





for jji e R/Z, j = 0, . . . , M and i = 0, . . . , A?". In particular, since when 1(2:2)"^ | < r~^, 
{{z'2)~^ 1 Zq) is in the polydisk, (9.180) holds for such Z2 and z'q = zq. Wc know that the 
left-hand side of (9.180) with z'^ = zq is analytic in (-22) ""^ |1 + -2o(-22) ""^l > ko(-22)~^l 
and 1 > |zo(-22)~^l- III particular, the value at {z'2)~^ = Z2^ of the left-hand side of (9.180) 
with z'q = Zq is determined by analytic extension from its values on the disk 1(4)"^ I < 
We also know, from (9.171), that the right-hand side of (9.180) with z'q = zq is absolutely 
convergent when z'2 = Z2- Thus as a power series in {z'2)~^, the right-hand side of (9.180) 
with z'q = Zq is absolutely convergent when |(-22)~"'^l ^ \^2^\- Hence the sum of the right-hand 
side of (9.180) with z'q = zq is analytic in {z'2)^^ for |(-22)^^l < \^2^\ is continuous on 
the closed disk |(-22)^^| < 1-22^^1- In particular, the value at (-22)^^ = ^2^ of the right-hand 
side of (9.180) with z'q — zq is determined by analj^ically extending its values on the disk 
l(4)~^l < open disk K^)""^! < \^2^\ then taking the limit (4)""^ ~^ ^2^- 

Since (9.180) holds in the disk 1(4)^^1 < ^^^^ ^iid the closed segment from (4)""^ = to 
(^2)"^ = Z2'^ lies in the domain of the function given by the left-hand side of (9.180) (with 
z'q = Zq), the two sides of (9.180) must be equal when (4)~^ = ^2^^ t^^t 



ne-N VfegPJ 
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m6N-l VfeeN ^ ^ 

^p(-^2) + E ^^T-jzifj ^"^(-^or (9.181) 

for ji e R/Z, j = 0, . . . , M and i ^0,...,N. Hence the right-hand side of (9.172) is equal 
to 



j=0 i=0 n6-N \feeN 

3 



■M ] g(-A+n+iip-fe+l)/p(-22)p(-n-ilp-l+fe)/,(-2o) I . 



/6Z+ 



g(-A-TO)ip(-22)gmiq(-Zo) 



\^ ( /— A — m+A; 

I a_^_i+fe I ^ 

meR j=0 i=0 VfeeN ^ 



(9.182) 

Since the right-hand side of (9.182) is exactly (9.171), which in turn is equal to the right-hand 
side of (9.170), and the left-hand side of (9.182) is equal to the right-hand side of (9.168), 
(9.168) holds. 

For (9.169), we have the following analogue of (9.170), using (7.9)-(7.10): 



X1=Z1, X2=Z2 



= (e^''^'^^^i(;(4),fi-i(yi)(fio(f^-i(>'2))('«^(2),a;2)u'(3),xi)w(i))w'4 
= (e^i^'(i)w;4),0_i(3^i)(e^^^(-i)0_i(3^2)(^/;(3),e'^*a;2)«;(2),a;i)«;(i))w'4 



Xi=e^^Zi, 12=22 



a;i=e'^'2i, X2=Z2 

(9.183) 



This exhibits the format of (9.169), and arguments similar to those in the proof of (9.168) 
above prove (9.169). □ 

In the following consequence of Lemma 9.25, we assert that two conditions are equiva- 
lent; note that the appropriate hypotheses about the generalized modules and the complex 
numbers are part of the conditions: 

Theorem 9.26 Assume that the convergence condition for intertwining maps in C holds. 
Then the following two conditions are equivalent: 

1. For any objects Wi, W2, W3, W4 and Mi of C, any nonzero complex numbers Zi 
and Z2 satisfying \zi\ > \z2\ > \zo\ > 0, and any logarithmic intertwining operators 
(ordinary intertwining operators in the case thatC is inAigg) andy2 of types (p^^J 
and {■^^^) , respectively, there exist an object M2 of C and logarithmic intertwining 
operators ( ordinary intertwining operators in the case that C is in Msg) o-nd y^ of 
types {j^^^ and (^f^J, respectively, such that 



(W(4), 3^i(w(i), a;i)3^2(w(2), a;2)w(3)) 

^{w[A),y^{y'^{w{i),XQ)w^2),X2)wi^)) _ _ (9.184) 



10=20, 2:2=22 



for allw{i) G Wi, W(2) G 1^2; ^(3) ^ andw'^^^ G W'^. (Here the substitution notation 
is as indicated in (7.13) and (7.14)). 

2. For any objects W\, W2, Wz, W4 and M2 of C, any nonzero complex numbers Z\ and 
Z2 satisfying \zi\ > \z2\ > \zo\ > 0, and any logarithmic intertwining operators (ordi- 
nary intertwining operators in the case that C is in Aisg) y^ md y"^ of types (jj^^) 
and (^,5^^^) ' respectively, there exist an object Mi of C and logarithmic intertwining 
operators (ordinary intertwining operators in the case that C is in M.sg) CLnd 3^2 of 
types (vSi) iw^Ws)' respectively, such that 



X0=Z0,X2=Z2 



{w[^),y^(y^{W(^l), Xo)w(^2), X2)W^3)) 

= (W(4),3^l(W(i),Xi)3^2(W(2),X2)W(3)) (9.185) 

0:1=21,0:2=2:2 

for all G Wi, W{2) G W2, W(3) G W^, and w^^^ G W'^. 

Proof First we note that if there exist M2, y^ and 3^^, or Mi, yi and 3^2 such that Condition 
1 or Condition 2, respectively, holds for some particular zi,Z2 G C satisfying \zi\ > \z2\ > 



90 



1 2^0 1 > and for all u'(i) e Wi, W(2) G W2, ty(3) G W3 and w'^^-^ e W4, then with the 
same M2, and y"^, or Mi, and 3^2) Condition 1 or Condition 2, respectively, holds 
for all ^1,2:2 G C satisfying \zi\ > \z2\ > \zq\ > and for all u'(i) G VTi, ^(2) G W2, 
W(^3) G 14^3 and w^^-, G 14^4- This follows from the analyticity (Proposition 7.14), the L(— 1)- 
derivative property for logarithmic intertwining operators, and the general fact that if two 
analytic functions and their derivatives are equal at a particular point, then they are equal 
on the intersection of their domains by Taylor's theorem and analytic extension, assuming 
the intersection is connected. In fact, if Condition 1 holds for some particular Zi,Z2 G C 
satisfying \zi\ > \z2\ > \zq\ > and for all W(^i) G 14^1, u;(2) G 1^2; ^(3) G W3 and w^^^ G W^, 
then by the L(— l)-derivative property and the L(— l)-bracket relation. 



Xl=Z'-,,X2=Z'r 



X0=z'q,X2=Z2 



Z =Z1, Zn=Z2 



for all W{i) G Wi, W{2) G 14^2, tt'(3) G and w'^^^ G 14^4, where z[, z'2 are complex variables 
and z'q — z[ — z'2, if z' — z'^^, z'2 or is a positive real number, then we compute the derivatives 
using the branches with argz' > 0. Then by Taylor's theorem, there is an open subset of 
the region \z[\ > 1^2! > l-^ol whose closure contains {zi,Z2) such that on the closure of 
this open subset. 



w'u) , 3^1 (W(l) ,Xi)y2 (W(2) , X2)W(3) ) 

Xi=Z[,X2=Z2 

= {w[4),y^{y^{w^l),Xo)w^2),X2)w^3)) 



(9.186) 



X0 = Zq,X2=Z2 



> z, 



01 



I > \z'n\ 



> 0, 

> 141 > 0, 

> 0. The 



for all G Wi, W{2) G W2, ^1(3) G and w'^^^^ G W'^. The two sides of (9.186) are 
analytic in z[ and z'2 on the regions \z'i\ > \z'2\ > 0, arg 2;^ , arg > 0, and 
eiYgz'2, SLTgz'Q > 0, respectively, and thus are equal on their intersection, |, 
arg2;i, arg2;2, arg^o > 0. Hence (9.186) holds on the region > l-^i,, 
argument for Condition 2 is similar. 

We shall prove only that Condition 1 implies Condition 2, the other direction being 
similar. 

Suppose that Condition 1 holds. Then for zi and Z2 as in the statement of Condition 2, by 
the first part of Lemma 9.25, there exist p, g G Z such that for any logarithmic intertwining 
operators y^ and y'^ as in the statement of Condition 2, 



{w[4),y^{y'^{W(i),Xo)w(2),X2)w(3))w4 

= (e^^^'W«;;4),Q_i(3^^)(«;(3),yi)ll-i(3^')(«;(2),y2) 



Xo=Zo, X2=Z2 



W4 



y^=e"h(—l), \ogyi=lp{-zi), yJ^=e^'"i(-^o) , logj/2=/q(-2o) 
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for all u'(i) e Wi, W(2) G W2, W(3) G W3 and u^^^^ e W4. The same argument as in the proof 
of (9.186) above gives 

Xo=Zq, X2=Z2 



W4 



2/1 



^=e^'p^-^i\ logyi=lp{-z[), 2/J=e"'«(-^o), logj/2=Z,(-2i) 



(9.187) 



for \z[\ > \z'q\ > 0, 141 > l-^ol > and for Wf^i) e Wi, W{2) e W2, W{z) e and ^(4) e W4. 

By Remark 3.28, there exist logarithmic intertwining operators and of types (p^^^) 
and [^^^, respectively, such that 

(e^^^'(^)^4),n_i(y)(«;(3),?/i)l^-i(3^')(^/;(2),|/2)- 



•^(1)) 



e"'p(-4), logyi=«p(-4), 2;J=e"'9(-4), logj^2=i,(_4) 



= (e^i^'(^)w;4), 3>^(W(3), |/l)J''(W(2), |/2)W(i))vy4 



(9.188) 



for l^;^! > \z'q\ > and for ^(i) G VTi, W(2) G W2, W(3) e W3 and w'^^^ G 1^4. Since the last 
expression is of the same form as the left-hand side of (9.186), we have from Condition 1 
and (9.186) that there exist an object M3 of C and logarithmic intertwining operators y^ 
and y^ of types {^^^J and {J^^J, respectively, such that 



(e^i^'(^)^/;'(4), 3^^(w(3), z/i)3''(w(2), 2/2)w(i))h^4 



yi=-z[, y2=-z'Q 



{e'''''^'^w[,),y%y\w^s),yo)w^2),y2)w^,)) 



yo=-z'^, y2=-z'Q 



(9.189) 



for \z[\ > \zq\ > 141 > and for W(^i) e Wi, W{2) e VF2, e and ^14^ e W4. (Note 
that the inequality \zq\ > 141 > fails for Zq — zq and 4 = ^2-) Again by Remark 3.28, for 
any p,q G there exist logarithmic intertwining operators y^ and of types (ji^^J and 
(wwa) ' respectively such that 



{e^''^'^'^w[,^,y%y\w^s),yo)w^2),y2)w^i)) 

= (e^^^'(i)^[4), :t^^(:t^^(^(3), yo)^(2), y2) 



2/0 = -Z2> 2/2 = -Zo 



j;J=e"'p(-4), logj/o=ip(-4) yJ=e"'*^-'o\ log2/2=/,-(-^^,) 



(9.190) 



for 141 > 141 > for '^(1) ^ '"^(2) £ W^2, ■Ji'(3) e 1^3 and -^14^ e W4. Let 4 be a fixed 
complex number satisfying \zi\ > |4| > and |^ol > k^l > 0) with z^ = Zi — 4- By using 
the fact that y ~ fl_i{flo{y)) and comparing the last expression to the right-hand side of 
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(9.169), we see from the second part of Lemma 9.25 that there exist p, e Z independent of 
and such that 

^(^^^ yn=e"lp(-4\ log2/o=ip(-4') y5=e"'?(--8), logy2=ls{-z°) 
= (W(4), no(:V^)(ty(l), Xi)Qo(J^^)(ty(2), X2)W(3))\ 



X1=Z1, X2=Z2 



for e VFi, ^(2) e ^(3) e W3 and w'^^^ e W4. The same argument as in the proof of 
(9.186) gives 



!/ff=e"'p(-4\ logyo=ip(-4) 2/J=e"'«'*""o\ log2/2=i,-(-z^,) 



= (W(4) , f^O (^^) («^(1) ,Xi)VtQ {y^) {W(2) :X2)W^3)) W4 



Xl=Zl, X2=Z2 



(9.191) 



for 



> 141 > 0, 141 > 141 > aiid for e W^i, W(2) e VF2, ■w^(3) e VFa and w'f^^^ e ^^'4. 
The right-hand side is of course defined for \z[\ > |4| > 0. 

By Proposition 7.14, we have that both sides of (9.187), (9.188), (9.189), (9.190) and 
(9.191) define analytic functions of z[ and 4 iii the indicated regions, with the cuts handled 
as in Propositon 7.14. Thus when restricted to the region |4I > I4I > kol > 0' the left-hand 
side of (9.187) and the right-hand side of (9.191) are analytic extensions of each other along 
loops, avoiding crossing the cuts, starting in the region |4| > |4I > kol > 0> passing through 



the region 



> \zq\ > 0, the region \z[\ > \z'q\ > |4I > 0, the region \z'q\ > |4| > 0, the 



Z-\ ^ ^ ^ri 



region \z[\ > |4I > 0, and coming back to the region 

^1, 2:2, 4 G ]R+ satisfying Zi > Z2 > Zq > and Zi > 2" = zi - 

path 7 from {zi, Z2) to (2:1, 4) given by 7(t) = {zi, (1 — t)z2 + ^4) f*^^ ^ ^ [Oj Then the 

product 7^"*^ o 7 is a loop starting at the point (21,22) in the region \z[\ > I22I > \zq\ > 0, 



> again. We take 
^2 > ^2 > consider the 

t4) 



passing through the region 



> 0, the region \z[\ > \z'q\ > 



141 



> 0, the region 



kol > 141 > 0) the region \z[\ > I22I > 0, and coming back to the same point {z\,Z2) in the 
region |4| > |4I > 141 > again. Thus the value of the right-hand side of (9.191) at (21, 22) 
is the analytic extension of the left-hand side of (9.187) along the loop 7"^ o 7, which is 
homotopic to the trivial loop, and so the analytic extension must give the same value. Thus 
if we take and 3^2 to be ^20(3^"^) and Vtoiy^), respectively, (9.185) holds at this particular 
point (21,22). By the discussion in the beginning of this proof, (9.185) holds for all 21,22 
satisfying |2i| > I22I > \zo\ > and hence Condition 2 holds. 

In the case that C is in Mgg^ the same arguments still hold except that all the logarithmic 
intertwining operators involved are ordinary intertwining operators. □ 

Using Theorem 9.26, we now prove that under the global assumptions in Theorem 9.23, 
the assumptions in Part 1 of Theorem 9.23 (or equivalcntly, of its reformulation. Corollary 
9.24) and the assumptions in Part 2 of Theorem 9.23 (or of Corollary 9.24) are equivalent. 
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These sets of assumptions, which are stated as Conditions 1 and 2 in the theorem below, are 
the two (equivalent) statements of what we will call the expansion condition below. From 
Proposition 4.21, the statement that C is closed under the P(2;)-tcnsor product operation for 
some ^ e is equivalent to the statement that C is closed under the P(2;)-tensor product 
operation for every z & C^. In particular, in the following results, instead of assuming that 
Wi ^p{zo) W2 and W2 Klp(z2) exist in C for all objects Wi, W2 and W3 of C, we assume 
that C is closed under the P(2;)-tensor product operation for some z G C^. Since Conditions 
1 and 2 below are about to be used as the two equivalent formulations of the expansion 
condition, we include the hypotheses on the generalized modules and the complex numbers 
in Conditions 1 and 2 (as we did in Theorem 9.26). 

Theorem 9.27 Assume that C is closed under images and under the P{z)-tensor product 
operation for some 2; G C^, and that the convergence condition for intertwining maps in C 
holds. Then the following two conditions are equivalent: 



1. For any objects Wi, W2, W3, W4 and Mi of C, any nonzero complex numbers zi and 
Z2 satisfying \zi\ > \z2\ > \zo\ > 0, any P{zi) -intertwining map Ii of type (yJ^J and 
P{z2) -intertwining map I2 of type (^^^^^, and any w'^^^^ G W^, 

(/i o (1^^ /2))'(w;4)) G {Wi w^y 

satisfies the P^'^\zq) -local grading restriction condition (or the L{0)-semisimple P^'^\zo)- 
local grading restriction condition when C is in M.sg)- Moreover, for any W{z) G 
W3 and n G R, the smallest doubly graded subspace of w'^^^^^-^^ m2))'{w' ) un^) ^^'^^ 
taining the term of the (unique) series X^neiR'^"^ weakly absolutely convergent 
l^^{ho{iw ®h))'{w' ) 10(3) '^^ indicated in the P^^\zo)- grading condition (or the L(0)- 

semisimple P^^\zo) -grading condition) and stable under the action of V and of sl{2) 

(which is a generalized V -module (or a V -module) by Theorem, 9.17) is a generalized 
V-submodule (or a V-submodule) of some object of C included in {Wi W2)* . 



2. For any objects Wi, W2, W3, W4 and M2 of C, any nonzero complex numbers zi and 

\M2W3) 

(Jl O (/2 ® l^^))'{w[^)) G {Wi 1^2 W^Y 



Z2 satisfying \zi\ > \z2\ > \zq\ > 0. any P{z2) -intertwining map P of type {j^^J and 
P{zq) -intertwining map P of type ); and any w'u\ € W^, 



satisfies the P^^\z2) -local grading restriction condition (or the L(f))-semisimple P^^\z2)- 
local grading restriction condition when C is in Aisg)- Moreover, for any G 
Wi and n G M, the smallest doubly graded subspace of W'^l^^p^^^ ^yj-^, ^ ^^^^ con- 
taining the term An'' of the (unique) series XlneK weakly absolutely convergent 
k'\no{i'^®iw ))'{w' )«)(!) '^^ indicated in the P^^\z2)- grading condition (or the L{0)- 
semisimple P^^\z2) -grading condition) and stable under the action of V and of sl{2) 
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(which is a generalized V -module (or a V -module) by Theorem 9.17) is a generalized 
V-submodule (or a V-submodule) of some object of C included in {W2 <S> Ws)*. 

Proof By Propositions 4.8 and 9.13, together with Proposition 9.8, Condition 1 (respec- 
tively. Condition 2) in Theorem 9.26 imphes Condition 1 (respectively. Condition 2) in the 
present theorem. Conversely, by Proposition 4.8 and Theorem 9.23 (also recall the formu- 
lation in Corollary 9.24), Condition 1 (respectively. Condition 2) in the present theorem 
implies Condition 1 (respectively. Condition 2) in Theorem 9.26. Thus the present theorem 
follows immediately from Theorem 9.26. □ 

Wc arc finally ready to define formally, in the following precise sense, the main concept 
whose theory has been developed in this section: 

Definition 9.28 Assume that C is closed under images and under the P(^)-tensor product 
operation for some z G C^, and that the convergence condition for intertwining maps in 
C holds. We call either of the two equivalent conditions in Theorem 9.27 the expansion 
condition for intertwining maps in the category C. 

Then Theorem 9.23 can be reformulated as the following result, stating that the conver- 
gence and expansion conditions together with certain "minor" conditions imply both versions 
of associativity of intertwining maps: 

Theorem 9.29 Assume that C is closed under images and under the P{z)-tensor product 
operation for some z G C^ . and that the convergence condition and the expansion condition 
for intertwining maps in the category C hold, and assume that 



Z\\ > \Z2\ > \zq\ > 0. 



Let Wi, W2, Ws, W4, Ml and M2 be objects ofC. 

1. Let Ii and I2 be P{zi)- and P{z2) -intertwining maps of types and (^^^^J , re- 

spectively. Then there exists a unique P{z2) -intertwining map P of type {^^^p^'^^^^ 
such that 



(wj4), /l(w(i) ® /2(W(2) ® W(3)))) = (wj4), /^((w(i) ^P[zo) W{2)) ® W(3))) 

for all W{i) e Wi, W{2) £ W2, W(^3) G W3 and w'^^^-^ G W4. 

2. Analogously, let P and P be P{z2)- and P{zq) -intertwining maps of types {jJ^^J and 
(^^^J, respectively. Then there exists a unique P{zi) -intertwining map Ii of type 

(W(4), /^(/^(W(i) (8) W(^2)) ® W(3))) = («^(4), h(w^i) ® (W(2) ^P(z2) W^s)))) 

for all W(i) G Wi, W{2) G W2, W{z) G and w'^^^^ G 1^4. □ 
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We also have the corresponding reformulation of Corollary 9.24, asserting the associativity 
of logarithmic and of ordinary intertwining operators, under our global conditions: 



Corollary 9.30 Assume that C is closed under images and under the P{z) -tensor product 
operation for some z & , and that the convergence condition and the expansion condition 
for intertwining maps in the category C hold, and assume that 

\zi\ > \Z2\ > \zo\ > 0. 

Let Wi, W2, Ws, W4, Ml and M2 be objects ofC. 

1. Letyi andy2 be logarithmic intertwining operators (ordinary intertwining operators in 
the case that C is in Msg) of types and (^^^^"j, respectively. Then there exists 

a unique logarithmic intertwining operator ( a unique ordinary intertwining operator in 
the case that C is in Msg) of type (vkiK1p(^*vk2 W3) ■^^^/i that 



Xl=Zl, X2=Z2 



= {w[4),y\ySp^.^yo{W(l),Xo)w(2),X2)w^3))) 



Xo=Zo, X2=Z2 



(recalling (4. 18), (7.13) and (7.14)) for all W(i) e Wi, w^2) e W2, W(3) G W3 and 
W(4-) G W^. In particular, the product of the logarithmic intertwining operators (ordi- 
nary intertwining operators in the case that C is in M.sg) and 3^2 evaluated at zi 
and Z2, respectively, can he expressed as an iterate (with the intermediate generalized 
V -module Wi ^p{zq) W2) of logarithmic intertwining operators (ordinary intertwining 
operators in the case that C is in Msg) evaluated at Z2 and Zq. 

2. Analogously, let y^ and y'^ be logarithmic intertwining operators ( ordinary intertwining 
operators in the case that C is in Msg) of types {J^^J and {y^^^^J , respectively. Then 
there exists a unique logarithmic intertwining operator ( a unique ordinary intertwining 
operator in the case that C is in Msg) ^1 of type w^^ti yWa) ^"^^^ ^^^^ 

{w[4),y^{y^{W(l),Xo)W(^2),X2)w^3)) 



Xo=Zo, X2=Z2 



X1=Z1, X2=Z2 



(again recalling (4-18), (7.13) and (7.14)) for allw{\) e Wi, W(2) G W2, W{^) e Wz and 
"^(4) ^ In particular, the iterate of the logarithmic intertwining operators (ordinary 
intertwining operators in the case that C is in Msg) y^ and y"^ evaluated at Z2 and zq, 
respectively, can be expressed as a product (with the intermediate generalized V -module 
W2 ^p{z2) W3) of logarithmic intertwining operators (ordinary intertwining operators 
in the case that C is in Msg) evaluated at Zi and Z2. □ 
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Remcirk 9.31 Theorem 9.29 or, respectively, Corollary 9.30, in fact says that the product of 

Ii and I2 or, respectively, the product of and 3^2i uniquely "factors through" Wi^p(^zo)^2, 
and analogously, that the iterate of and P or, respectively, the iterate of and y^, 
uniquely "factors through" W2 ^p{z2) cf. Remark 8.21. 
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10 The associativity isomorphisms 



We are now in a position to construct our associativity isomorphisms, assuming the con- 
vergence and expansion conditions for intertwining maps. The strategy and steps in our 
construction in this section are essentially the same as those in [H] in the finitely reductive 
case but in place of the corresponding results in [HLl], [HL2], [HL3] and [H], we have to 
use virtually all the constructions and results that we have obtained so far in this work. 
We remark that the construction presented here will make the proofs of the coherence and 
other properties in our construction of braided tensor category structure straightforward. 
At the end of this section, we show that the validity of the expansion condition is forced by 
the assumption of the existence of natural associativity maps, no matter how they may be 
constructed; this exhibits the naturality of the expansion condition. 

In the remainder of this work, in addition to Assumptions 4.1, 5.30 and 7.11, we shall 
also assume that our category C is closed under images and that for some z E C^,C is closed 
under P(2;)-tensor products, that is, the P(2;)-tensor product of Wi, W2 G obC exists (in C). 
For the reader's convenience, we combine all these assumptions as follows: 

Assumption 10.1 Throughout the remainder of this work, we shall assume the following, 
unless other assumptions are explicitly made: 

1. A is an abelian group and A is an abelian group containing A as a subgroup. 

2. V is a strongly A-graded Mobius or conformal vertex algebra. 

3. All V -modules and generalized V -modules considered are strongly A-graded. 

4. All intertwining operators and logarithmic intertwining operators considered are grading- 
compatible. 

5. C is a full subcategory of the category A4sg orGM.sg (recall Notation 2.36). 

6. For any object of C, the (generalized) weights are real numbers and in addition there 
exists K e Z+ such that {L{Q) — L(O)s)^ — Q on the generalized module (when C is in 
M-sg, the latter assertion holds vacuously). 

7. C is closed under images, under the contragredient functor, under taking finite direct 
sums, and under P{z)-tensor products for some 2; e . 

Remark 10.2 From Proposition 4.21, for every z e C^, C is closed under P(2;)-tensor 
products. Also, by Proposition 5.37, the assumption that C is closed under P(2;)-tensor 
products for some z G is equivalent to the assumption that for any Wi,W2 G obC, 
H^iSp(2)H^2 is an object of C, and in this case. 

From now on, for z & we shall take our tensor product bifunctor ^p(z) to be 
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We shall construct our associativity isomorphisms using the next theorem. The proof of 
this theorem is analogous to the proof of the corresponding statement in Theorem 14.10 in 
[H], but the results used in the proof below are those developed in the present work from 
Section 2 through Section 9. We shall be using the usual notation 

to denote the natural extension of a map rj : Wi W2 of generalized modules to the formal 
completions. 

We shall be constructing a natural isomorphism between the two functors from C xC xC 
to C in (10.4) below. We first determine how the functor 

Kp(,,) o (1 X Kp(,,)) 

acts on maps and elements when the convergence condition holds and when \zi\ > \z2\ > 0: 
Consider maps 

ai :Wi W4, 

between objects of C. Recall from Remark 4.25 that for z e the functor Klp^^.) acts on 
maps and elements by: 



(Ti Klp(^) (72(«;(i) Klp(^) W^2)) = ^P{z) 0-2(w^(2)), (10. l) 

and recall that by Proposition 4.23, (10.1) determines the V-module map (JilElp(^)(j2 uniquely. 
We have 

{^P{zi) O (1 X Kp(^2)))((7i, (72, (73) = Klp(^^)(c7i, (72 Mp^^^) (73) = (7i Klp(^i) ((J2 Mp^^^) (J3), 

and the effect of this map on elements is determined as follows: Since 



(72 Klp(22) (73(W(2) Klp(22) W(3)) = CT2(W(2)) Mp(^^^) 0-3 (^(3)), 

we have (using the projection notation 7r„) 

((72 Klp(^2) (73)(7rn(W(2) Klp(^2) ^(3))) = 7r„((T2 (W(2)) ^P(z2) (^3{W(3))) 

for all n e R, so that 



C^l ^P{zi) (0-2 ^P{Z2) 0'3)(^(1) ^P{zi) 7r„(tO(2) ^P{Z2) W(3})) 
= (Ti(w(i)) Mp(zi) 7rn(cX2(w(2)) ^P{z2) 0-3(^(3))). 

Thus for 
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we have 



((CTI Klp(^j) (0-2 ^P(z2) (^3))\w'),W(i) Kp(2i) Vr„(W(2) Kp(^2) 
= (w',CTi(W(i)) Kp(^,) 7r„(cT2(W(2)) ^P(z2) t^3(w^(3)))) , 



and so by the convergence condition, 



(((7i Kp(2i) ((72 Klp(^2) (T3))'(w'),«;(i) Klp(2i) (W(2) ^P{z2) W{3))) 
= (w',(7i(w(i)) Kp(;,,) ((72(W(2)) Kp(22) (73(W(3)))). 



Hence 



(7i ^P{zi) {(^2 ^P{Z2) <^3){W(l) ^P{zi) (W(2) ^P{z2) W(3))) 

= (7i(i(;(i)) Klp(^i) (c72('u;(2)) Klp(^2) <73(w(3))), (10.2) 

and by Corollary 7.17, this determines the ^-module map ai^p(^zi) (c2^p(z2)C3) uniquely (cf. 
(10.1)). Analogously, when the convergence condition holds and when |2;2| > l-^i — ^2! > 0, 
the functor 

^P(Z2) ° {^P{Z1-Z2) X 1) 

acts on elements by: 



((7l Kp(zi_22) 0-2) ^P{Z2) 0-3((ty(l) ^P{zi-Z2) ^P{Z2) W{3)) 

= ^P(zi-Z2) C^(«'(2))) ^P{Z2) (^3(W^3)), (10.3) 

and by Corollary 7.19, this determines the corresponding l^-module map uniquely. The 
formulas (10.2) and (10.3), which extend (10.1), are crucial. 

Theorem 10.3 Assume that the convergence condition and the expansion condition for in- 
tertwining maps in C (see Definitions 7.4 and 9.28) both hold. Let zi, Z2 be complex numbers 
satisfying 

\zi\ > \Z2\ > \zi — 2:2! > 

(so that in particular, Zi ^ 0, Z2 ^ and Zi ^ z^). Then there exists a unique natural 
isomorphism 

such that for all e Wi, W(2) G W2 and ^(3) e W3, with Wj objects ofC, 



•^P(S),P(i5^^'V(l) ^P(^i) («^(2) ^P{Z2) W(3))) = (W(i) Mp^z,-Z2) W{2)) ^P{Z2) W{3), (10.5) 

where for simplicity we use the same notation ^p(2j) p(2^^^^^ to denote the isomorphism of 
(generalized) modules 

K[Zi,Piz2)^'"^ ^1 ^Pizi) (^2 ^Piz2) Ws) {W, ^Piz,-Z2) W2) Kp(,,) W3. (10.6) 
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Proof The uniqueness of «4.p(^|^ pfz'^^^^^ follows from Corollary 7.17. 
Let Wp(^zi,z2) be the subspace of 

consisting of the elements A satisfying the following conditions: 

1. The P(2;i, 2;2)-compatibihty condition (see Section 8). 

2. The P (2:1, 2:2) -local grading restriction condition (the L(0)-scmisimple P(2;i, 2;2)-local 
grading restriction condition in the case that C is in Msg) (see Section 8). 

3. Either one of the following conditions (see Section 9): 

(a) The P^^^(z2)-local grading restriction condition (the L(0)-scmisimple P*^^)(2;2)- 
local grading restriction condition in the case that C is in A4sg)- 

(b) The P^^^ (^1 — ^2)-local grading restriction condition (the L(0)-scmisimple P*^^^ {zi — 
2;2)-local grading restriction condition in the case that C is in Msg)- 

4. Either one of the following conditions, depending on which condition is satisfied in 3 
above (that is, either 3(a) and 4(a) hold or 3(b) and 4(b) hold): 

(a) For any u'(i) G Wi and n G M, the smallest doubly graded subspace of 

taining the term of the (unique) series X^neK "^"^^ weakly absolutely convergent 

to A^A^^^jj as indicated in the P'^-'^)(2;2)-grading condition (or the L(0)-scmisimple 

P''^^(2;2)-grading condition when C is in Aisg) and stable under the action of V 
and of 5((2) is a generalized V^-module (or a V^-module) and is in fact a generalized 
y-submodule (or a F-submodule) of some object of C included in (W2 (8) W3)*. 

(b) For any Wi^) ^ and n G M, the smallest doubly graded subspace of W^^^ 

1 (3) 

containing the term An of the (unique) series X^neR -^^ weakly absolutely con- 
vergent to fi^xlu^-i-^ indicated in the P^'^^Zi — 2;2)-grading condition (or the L{0)- 
semisimple P^'^^{zi — 2;2)-grading condition when C is in Aisg) and stable under 
the action of V and of sl(2) is a generahzed ^-module (or a ^-module) and is in 
fact a generalized F-submodule (or a F-submodule) of some object of C included 
in {Wi (8) W2)*. 

By Proposition 8.5, the natural map 
is a P(2;i, 2:2) -intertwining map. Recalling Remark 8.12, let 
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the natural map from 

to {Wi (S>W2<S> W3)* given by 

(^pti,.2)M)Kl) ® ^(2) ® ^(3)) 

= {u, Klp(2^) (w(2) ^p{z2) W{3)))wimp^,^^{W2^Pi,^)W3) (10.7) 

for 

i/e W^iSp(^,)(W^2Kp(z2)W^3), 

e VFi, W(2) e W2 and ^(3) e W3. Then by Proposition 8.16, ^p^^-^ ^-compatible 
map and it intertwines the actions of 

V ® i+C[t, t-\ {z^^ - t)-\ (^2"' - 

and of and L'p^,^^^^^{j), j = -1, 0, 1, on M^iSp(^,)(iy2 Kp(z2) W^s) and on {Wi^W2 (g) 

FF3)*. In particular, 

and 

for e y. Thus ^p(^^ preserves generalized weights, the image 

*p1,..)(^iSp(.0(^2Kp(..)W^3)) 

of ^p(2,i 22) ^ generalized module (recall the proof of Proposition 8.17), and ^'p(2i 22) ^ 
map of generalized modules from 

Wi^P^,,){W2Mp^,,)Ws) 

to this image. 

By Propositions 8.5, 8.17 and 9.13, ^^(^j in fact maps WiSp(^z-,){W2 ^p(z2) W3) into 
Wp(zi,z2)] the elements of the image satisfy 3(a) and 4(a). By the expansion condition, the 
elements of this image also satisfy 3(b) and 4(b). 

Analogously, let 

*pti,.2) = (^P(-2) ° (^P(.l-.2) ® W3))', 

the natural map from 

W2)sp^z2)W3 = {{Wi Kp(.i-.,) W2) Kp(.,) Wa)' 
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to {Wi (8) 1^2 <8) Ws)* given by 

(*pti,.,)(0)Kl)®«^(2)®«^(3)) 

= (C, (^(1) ^Pizi-Z2) w(2)) ^p{z2) W(.3)){WlMp^,^_,^^W2)mp^,^^W3 (10.8) 

for 

e e ^P(zi-.2) W2)Sp^,,)W3, (10.9) 

u»(i) e 1^1, ^(2) e VF2 and ^(3) e 1^3. Again by Propositions 8.5 and 8.16, ^p(^^ 22) 
^-compatible map and it intertwines the actions of 

V ® L+C[t, t-\ (zf^ - t)-\ (^2"^ - t)-i] 

and of L'p^„^^{j) and L'p^,^^^^.^{j), j = -1,0, 1, on (W^i ^p(zi-z2) W^2)Sp(^2)W^3 and on (W^i (g) 
VF2 <8) W3)*, and in particular, 

and 

*p1,.2) ° ^P(..)(«'^) = >^P(....)(^>^) ° ^%.,Z2) 

(2) 

for e Thus ^p(^j preserves generalized weights, the image 

*p1,..)((^1 ^2)Sp(,,)W^3) 

of ^p(2;i 22) ^ generalized module, and ^p(2,j 2:2) ^ generalized modules from 

(21-22) ^^2)Sp(^2)W^3 

to this image. Again by Propositions 8.5, 8.17 and 9.13, ^p(2^ ™^P^ (^1 ^p(2i-22) 
H^2)Sp(22)W^3 into Wpi^zi,z2)i the elements of the image satisfy 3(b) and 4(b). By the ex- 
pansion condition, the elements of this image also satisfy 3(a) and 4(a). 
We next show that both x and are iniective. Let 

P(21,22j P(21,22j 

1^ e W^iSp(,i)(W^2Kp(22) W^s) 

be such that 

<l.22)(-)=0, 

that is, 

{u, ^(1) Kp(^i) (w(2) Kp(^2) w^3)))wmp(,^)iW2Mpu^)W3) = (10.10) 

for G H^i, W(^2) G W^2 and ^(3) G 14^3. Since ^p(2i 22) Preserves generalized weights, we 
can assume that u is homogeneous. Then (10.10) implies that for all n G M, 

(i/,7r„(w(i) Klp(2j) (w(2) Klp(^2) w^3))))wi^p^,^^{W2^p,^,^)W3) = 
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for W(^i) e Wi, W(2) e W2 and ^(3) e W3. But by Corollary 7.17, the elements 

7rn(W(l) Kp(^i) (W(2) ^P{Z2) W(3))) 

for n G M, ^^(i) G W^i, -1^(2) G and ?l'(3) G 14-^3 span the space Wi ^p(zi) {W2 ^p{z2) W3), so 

that z/ = 0, and we have the injectivity of "^pj^zi 22)" '^^^ proof of the injectivity of ^p(2,j 
is completely analogous. 

Now we want to prove that the images of our two maps are equal: 

Let 

and take i/ e Vl^iSp(^^)(Vl^2 ^p(22) ^3) so that A = *p(^i,^2)(i^)- Then by Theorem 9.23, there 
exists a unique P( 2^2 ) -intertwining map of type 

Kp(,,) {W2 Kp(.,) Ws) 
such that 

A(W(i) W(2) W(3)) = ® W(^2) ® ^(3)) 

- (z/,/^((w(i)Hp(,,_,,)«;(2))®W(3))) (10.11) 

for G VTi, W(2) G W2 and W(3) G W3. 

By the definition of the P(2;2)-tensor product of WiMp(^zi-z2) ^2 and W3 in C, there exists 
a unique map of generalized modules 

T] : {W, Kp(.,-.,) W2) Kp(.,) W^3 ^ W^i Kp(^o (W^2 Kp(.2) W^a) 

such that 

Then by (10.11), we obtain 

A(W(i) O W(2) ® W(3)) = (z/, /^((tf (1) Kp(^i_22) W(2)) W(3))) 

= (Z/, (770 Kp(^^))( (10(1) Kp(^i-22) W7(2)) 8) W(3))) 
= (r/'(z/), (W(i) Kp(^i-^2) tt;(2)) ^P{Z2) 

= (*pti,Z2)(^V)))(^(l) ® ^(2) ® «^(3)) 

for G Wi, W(2) G VF2 and ^(3) G W3. Thus A = ^p(2i 22)(^'(^))' Proving that A hes in 
*p1,.2)((^i Kp(.,_.,) W2)^Piz2)Ws). Thus 

^P(21-Z2) W^2)Sp(22)M^3)- 

104 



The proof of the opposite inclusion, 



is completely analogous. 
Since 

is injective, we have the natural map 

{^%,,,.,)-' : ^%^^,^^{W,Up^,,^{W^ Kp(,,) W^)) ^ iyiSp(,,)(iy2 KP(..) W^3) 
of generalized modules. Thus we have a natural isomorphism 

of generalized modules. Its contragredient map A hence gives a natural isomorphism (10.6), 
and (10.5) indeed holds for the map A. In fact, for ^ as in (10.9), (10.8) holds, but on the 
other hand, for 

(10.7) gives 

(*p1,..)) (0(^(1) ® ^(2) ® W(3)) = ((*J.l,.,))-'*?(l„.,)(e), ^(1) ^P(.0 (^(2) KP(..) «;(3))), 

and this equals 

{^,A{w^i) Kp(;,j) («;(2) Kp(^2) ^(3)))). 
The formulas (10.2), (10.3) and (10.5) exhibit the naturality of (10.4). □ 

Definition 10.4 For zi,Z2&C satisfying 

l^ll > 1^2! > \Zl — -221 > 

and objects VFi, and W3 of C, the associativity isomorphism from 

Hp(,,) (PF2 Kp(,,) PF3) 

to 

1^2) ^P(Z,) 

is the natural isomorphism «4.p|^^^~p^^j^^^^^ given in Theorem 10.6. We also have the natural 
inverse associativity isomorphism 

"pSSS^"'^ ■■ (^1 ^P(2i-22) W^2) Kp(.,) ^ VTi Kp(,,) (H^2 Kp(.,) W^3). (10.12) 
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Remcirk 10.5 The inverse associativity isomorphism oc^^^^-i) ^p{z2)^'^^ satisfies 



«pS),pi7^'^ ((^(1) ^P{Z,-Z2) f^(2)) ^P{Z2) = ^(1) ^p^,^) {W(i) Kp(^,) W^i)) (10.13) 

for W{i) e Wi, W{2) £ and W(3) G PVs, and (10.13) determines (10.12) uniquely. 

As in the setting of [H], the existence of such associativity isomorphisms implies the 
expansion condition and hence that products can be expressed as iterates and vice versa; 
the following converse of Theorem 10.3 essentially says, then, that the expansion condition 
is equivalent to the existence of natural associativity isomorphisms: 

Theorem 10.6 Assume that the convergence condition for intertwining maps in C (see Def- 
inition 7.4) holds. Suppose that for any complex numbers Zi, Z2 satisfying \zi\ > \z2\ > 
\zi — Z2\ > and any objects Wi, W2 and W3 of C, there exists a map Ap^^^^^-^ p^^^-y ^ of 
(generalized) modules of the form (10.6) such that (10.5) holds for W{i) G Wi, W{2) G W2 and 
W(^3-) G W3. Then >^p(^|) p(i';^''^^'' foi" ^1, ^2 o-nd is uniquely determined and is a module 
isomorphism; these maps define a natural isomorphism of functors of the form (10. 4); and 
furthermore, the expansion condition holds, and in particular, products of intertwining maps 
can be expressed as iterates and conversely, as in Theorem 9.29 and Corollary 9.30. Anal- 
ogously, suppose that for any complex numbers Zi, Z2 satisfying \zi\ > \z2\ > \z\ ^ Z2\ > 
and for any objects Wi, W2 and W3 of C, there exists a map of (generalized) modules of the 
form (10.12) such that (10.13) holds for all W(^t) e Wi, W{2) G W2 and W(^) G W2,. Then the 
analogous conclusions hold; in particular, the expansion condition again holds, and products 
of intertwining maps can he expressed as iterates and conversely. 

Proof We shall prove the first half; the second half is proved analogously. We need only 
prove that given the maps A as indicated, the expansion condition holds; all the other 
conclusions are either clear or immediate consequences, using Theorem 10.3 and its proof. 

To prove the expansion condition, we shall prove Condition 2 in Theorem 9.27. With Zi 
and Z2 as indicated, for any objects Wi, W2, VF3, W4 and M2 of C and any P( 2:2) -intertwining 
map of type (jj^^^) and P{zi — ;22) -intertwining map P of type (^^^^J, by Proposition 
8.19 there exists a unique 

G M[P{z2)]^^^^^^^_^^^w^)w^ 

such that _ 

o (72 i^J = 7I o (Kp(^i-,,) ® Iws)- 

By the definition of {Wi Mpi^^i-z^) ^2) ^p{z2) ^3 (cf- Proposition 4.17), there exists a unique 
module map 

77 : (Vl^i Kp( W2) Kp(.,) ^ 

such that _ 

7^ =77oKlp(^2)- 
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Then we have 

Thus for tt;(i) e Wi, W(2) G W2 and W(3) e H^a, by (10.5) we have 

(g) U;(2)) ® ?i'(3)) 

= r7((w(i) Kp(^i-^2) W(2)) Kp(22) W(3)) 

= ^P(^i) K2) ^P(..) «^(3))))- (10.14) 

By Proposition 9.13, for w' e M^iSp(^,)(M^2 ^P(z2) W3)), 

(Kp(,,) o (1^^ Sp(,,)))'(w') e (Wi (8) 1^2 ® W^s)* 

satisfies the P*^^)(2;2)-local grading restriction condition (or the L(0)-semisimple P(^^(z2)-local 
grading restriction condition when C is in Aisg) and the other condition in Condition 2 in 
Theorem 9.27. Since 77 and ^p[l\^) P{z2)^^^^ module maps, for w'^^^ e we have that 

(^P(^i) ° (W, ® Kpfe))))'(^'(4)) 

= (Sp(,,) o (w^ ® Kp(..)))'((^pS::):;t7"^)'(^'K4)))) 

also satisfies Condition 2 in Theorem 9.27. Thus by (10.14), (/^ o {P ^ 1^^))' {w'^^^-^) satisfies 
this condition, that is, the expansion condition holds. □ 
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